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Abstract 

We consider a Fisher-KPP-type equation, where both diffusion and 
nonlinear parts are nonlocal, with anisotropic probability kernels. Under 
minimal conditions on the coefficients, we prove existence, uniqueness, and 
uniform space-time boundedness of a positive solution. We investigate ex¬ 
istence, uniqueness, and asymptotic behavior of monotone traveling waves 
for the equation. We also describe the existence and main properties of 
the front of propagation. 
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1 Introduction 

We will deal with the following nonlinear nonlocal evolution equation 

du 

— (x,t) = x + [a + * u)(x,t) — mu(x,t) — x~u{x,t)(a~ * u)(x,t) (1.1) 

with a bounded initial condition u(x, 0) = uq(x), x £ R d , d > 1. Constants 
m, xr 1 are assumed to be positive, and (a 1 * 1 * u)(x,t) mean the convolutions 
(in x ) between u and nonnegative integrable probability kernels = a ± (x) > 0 
on namely, 

{a ± *u)(x,t) = [ a ± (x-y)u(y,t)dy, [ a ± {x)dx = 1. 

jR d Js. d 

The equation (1.1) first appeared, probably, in [28] (a ‘crabgrass model’), 
for x + a + = x~a ~, and later in [8] (a model of spatial ecology), for different 
kernels. The meaning of u(x,t) is the (approximate) value of the local density 
of a system in a point x £ at a moment of time t > 0. A short review for 
the history of derivation of (1.1) see in Subsection 6.1 below. This equation 
was considered as a spatial (nonhomogeneous) version of the classical logistic 
(Verhulst) equation 

^ = („+ - m )u{t) - x~(u{t)) 2 , (1.2) 

corresponding to u(x, t) = u(t), x £ R d . Of course, in the original logistic model 
one needs to assume that x + > to; then (1.2) has two stationary nonnegative 
solutions: unstable u = 0 and stable u = ^ ~- m ■ For >r + < to, (1.2) has the 
unique stationary stable solution u = 0. 

The equation (1.1) can be rewritten as follows: 

du 

= C L a +u)(x,t) + F(u, a~ * u)(x,t ), (1.3) 

where, for a bounded function v on the operator 

{L a +v)(x) = x + a + (x ~ y)[v(y) - v(x)]dy (1.4) 

JR d 

describes the so-called nonlocal diffusion, see e.g. [4] and references below, and 
F is a mapping on bounded functions, given by 

F(v i,v 2 )(x) = x~vi(x)(9-v 2 (x)), 9=— —(1.5) 

% 
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For the known results about (1.3), one can refer to [34,35,42], in the general 
case; to [67,82,88], in the case 9 > 0, i.e. x + > to, see also details below; and 
to [78,79], for x. + = to. 

The equation (1.3) may be addressed to a doubly nonlocal Fisher-KPP equa¬ 
tion. Recall that the classical Fisher-KPP (Kolmogorov-Petrovski-Piskunov) 
equation in goes back to [41,54] and has the form 

du 

— (x,t)=Au(x,t)+f(v(x,t)), (1.6) 

see the seminal paper [6]. Here A is the Laplace operator on R d , and f is 
a nonlinear monostable function on M: namely, let 9 > 0, cf. (1.5), then we 
assume that /(0) = f{9) = 0, /'(0) > 0, f'(6) < 0; for example, 

f( y s) = x~s(9 — s), s > 0. (1.7) 

The Fisher-KPP equation may be informally obtained from (1.3) under two 
scaling procedures. Namely, let 

/ a + (y)(\yi\ + |t/i| 2 ) dy < oo, / a + (y)yt dy = 0, 1 < i < d, 

J R d J R rf 


and consider the following scaling (for small e > 0) 

a + (cc) i—> a t{x) ■= £~ d a + (e^ 1 x), x € x + \—> e~ 2 . (1.8) 

Then, we obtain 


( L a+ V )( ;C ) = £ 2 


a + (y)[v(ey + x) - v(x)] dy 


1 

2 


a + (y)(v"(x)y, y) Rd dy + o(e) = aAv(x) + o(e), 


where (-, -) R d is the scalar product on R d , and a = \ f Rd a + {y)y\dy. 

As a result, one gets the following nonlocal Fisher-KPP equation 

du 

— = aA u + F(u,a~*u). (1.9) 

at 

For the theory of such equations with different mappings F ‘similar’ to (1.5), 
see e.g. [1,3,5,7,22,32,33,45,46,50,63] and some details below. 

On the other hand, the scaling 

a~ i—> a~{x ) = E~ d a(£~ 1 x) (1.10) 

yields F(v,a~ * v) —> f(v), £ —> 0, where / is given by (1.7). Hence one gets 
from (1.3) another nonlocal Fisher-KPP equation 

^ =L a+ u + f(u ). (1.11) 

For a general monostable / as above, this equation was considered in e.g. [2,10, 
15-18,20,21,44,53,59,71,76,87], see also some details below. 
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Combination of the both considered scalings produces hence the classical 
Fisher-KPP equation (1.6), with / given by (1.7), from the equation (1.3). It 
should be stressed, however, that we do not state that solutions to (1.3) converge 
to solutions to (1.9), (1-11), or (1.6). Up to our knowledge, a convergence of 
solutions to (1.9) or (1.11) to solutions to (1.6) was not considered rigorously in 
the literature as well. 

Of course, there are a lot of generalisations for the equations (1.3), (1.9), 
(1.11): the monostable-type function / may depend on time and space variables 
(e.g. nonlocal reaction-diffusion equation in a periodic media), the mapping F 
may include a convolution in time or just a time-delay, and many others. For 
some recent generalisations, see e.g. [5,19,25,51,53,59,60,66,70,72,73,75,76, 
80,86,90]. 

Let us formulate the main problems traditionally addressed to the equations 
above. 

(PI) Existence and uniqueness of solutions in Banach spaces of functions on 
R d , e.g. in C u b(R d ) (the space of uniformly continuous functions 

with sup-norm), or L 1 (M. d ). 

(P2) Uniform in time bounds for the norms of the solutions in the Banach 
spaces. 

(P3) Existence and stability of stationary solutions. 

(P4) Existence, uniqueness and properties of the traveling waves: solutions of 
the special form u(x, t) = i/j(x-^ — ct), where if) is a function on ffi. called the 
profile of a wave, £ belongs to the unit sphere S^ -1 in R d , x ■ £ = (x, £) R d 
is the scalar product on and ctl describes the speed of the wave. 
Depending on the class of functions if) the question may be referred to 
decaying waves, bounded waves etc. 

(P5) Existence and time-behavior of the front of propagation, i.e. a set r t = 
M d \(‘^U*5)), such that for any x t £ ^ t , the values of u(x t ,t) will converge 
(as t —» oo) to the upper stationary solution (9 in the notations above), 
whereas, for any y t € &t, the values of u(yt.,t) will converge to the low 
stationary solution (i.e. to 0). 

We present now an overview of our results concerning the problems (Pl)- 
(P5) for the equation (1.1)/(1.3), and compare them with the existing results 
in the literature, including some information about ‘partially local’ equations 
(1.9) and (1.11). 

Problem (PI) We will study (1.1) in the spaces C u b{ M d ) and L°°(]R d ). 
To get an answer on the problem (PI), one does not need any further assump¬ 
tions on parameters m. 1 x ± > 0 and probability kernels 0 < r € L 1 (M d ) (see 
Theorem 2.2 and Remark 2.3). We use standard fixed point arguments, which 
take into account, however, the negative sign before a~ in (1.1). The solution 
hence may be constructed on a time-interval [r, r + At] , whereas the At de¬ 
pends on the supremum of the solution at t. Since the values at the moment 
t + At might be bigger, the next time-interval appears, in general, shorter. 
The mentioned usage of the negative sign allows us to show that, however, the 
series of the time-intervals diverges, and thus one can construct solution on an 
arbitrary big time-interval. 
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Problem (P2) In spite of the possible growth of solution’s space-supremum 
in time, we show (Theorem 2.8) that the solution in C u b(M. d ) remains uniformly 
bounded in time on [0, oo) under very weak assumptions: one needs only that 
a - would be separated from zero in a neighbourhood of the origin and that a + 
would have a regular behavior at infinity, e.g. a + ( x) < p(|a;|), where | • | denotes 
the Euclidean norm in R. d and p G L 1 (K) monotonically decays at ±oo. This 
result is an analog of [50, Theorem 1.2] for the equation (1.9) (the latter used, 
however, the advantages of the powerful PDE technique for the linear part, that 
is absent in our case). 

The rest of our results requires additional hypotheses. For the shortness, 
some of them are presented here in a more strict form than we really need 
(compare them with the real assumptions (A1)-(A9) within the paper); and 
surely, a particular result requires a part of the assumptions only. 


(HI) 0 < a ± G L\R d ) n L°°{R d ), and x + > m, i.e. 9 = > 0. 

(H2) the function 


Je := K + a + — 9k a = x + a + — (x + — m)a 

is almost everywhere (a.e., in the sequel) non-negative and it is separated 
from 0 a.e. in a neighbourhood of the origin. 


(H3) There exists A > 0, such that / a + (x)e A ^ dx < oo. 


Let us compare these hypotheses with existing in the literature. First, we 
are working in the multi-dimensional settings, cf. [34,35,67]. We show (Proposi¬ 
tion 4.4) how the problem (P4) may be reduced to a one-dimensional equation, 
whose kernels, however, will depend on a direction £ G 5 d_1 . Regarding to this, 
it should be emphasised, that we do not assume that a + is symmetric; we deal 
with the so-called anisotropic settings, cf. [2,18,76] for the equation (1.11). 

The hypothesis (H3) is called the Mollison condition, see [61,62]. In particu¬ 
lar, it holds if a + exponentially decays as |x| —► oo. The equation (1.11), under 
the Mollison condition (H3) or its weaker form (H3$) (see below), was considered 
in [2,10,18,21]. The corresponding results in [82,88] about our equation (1.1) 
required, however, symmetric and quickly decaying a + ; the latter meant that 
(H3) must hold for all A > 0. Note that [82] dealt with a system of equations 
for a multi-type epidemic model, which is reduced in the one-type case to (1.1) 
with x + a + = K~a~ . It is worth noting also that we do not need a continuity 
of a + as well. 

The most restrictive, in some sense, hypothesis is (H2). It implies the com¬ 
parison principle for the equation (1.1), cf. Theorem 3.1, Proposition 3.4. In par¬ 
ticular, the latter states that the solution will be inside the strip 0 < u(x, t ) < 9, 
for all t > 0, provided that the initial condition u(x, 0) was inside this strip. On 
the other hand, we show that (H2) is, in some sense, a necessary condition to 
have a comparison principle at all (Remark 3.6). 

Problem (P3) In Subsection 3.1, we show also that u = 9 is a uniformly 
and asymptotically stable solution, whereas u = 0 is an unstable one. The 
absence of non-constant stationary solutions is shown in Proposition 5.12, see 
also Problem (P5) below. 
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The maximum principle is considered in Subsection 3.2, cf. Theorem 3.9. 
In particular, we prove that the solution to (1.1) is strictly positive, even for 
a compactly supported initial condition uo(x) := u(x, 0), and lies strictly less 
than 8, for any uq ^ 8 (Proposition 3.8, Corollary 3.10). 

It is worth noting that the luck of the comparison principle for the equation 
(1.9) leads to a non-trivial behavior: if is big enough, then the upper sta¬ 
tionary solution u = 9 may not be stable, moreover, a stationary inhomogeneous 
solution may exist, see [5,45], and also [7,63]; for the further results about (1.9) 
without the comparison principle technique, see e.g. [3,50]. Note also that the 
hypothesis (H2) is not preserved in course of the scaling (1.8), which, recall, 
produces (1.9) from (1.3): indeed, the inequality e^ 2 ~ d a + {e~ 1 x) > 9x~a~(x) 
can not hold for a.a. ifl 11 and any e > 0 simultaneously, as this would mean 
that a~ is ‘localised’ arbitrary close to the origin. This is a possible reason why 
the comparison principle which we show for (1.3) loses for (1.9). However, if, 
additionally, a~ depends on £ as in the second scaling (1.10), the inequality in 
(H2) becomes possible, provided that £~ 2 > 9>c ~, thus the comparison principle 
for the classical Fisher-KPP equation (1.6) may be informally obtained from 
our results. 

Problem (P4) We study monotonically non-increasing traveling waves 
only (i.e. the profile ip is a, non-increasing function on R). To ensure the 
existence of a traveling wave solution to (1.1) in a direction £ £ S^ -1 the 
Mollison condition (H3) can be relaxed as follows: 

(H3j) There exists A > 0, such that aj(A) := / a + (x)e Xx '^ dx < oo. 

J R d 

Namely, we prove that there exists a minimal traveling wave speed c*(£) £ R, 
such that, for any c > c*(£), there exists a traveling wave in the direction £ 
with the speed c; and, for any c < c*(£), such a traveling wave does not exist 
(Theorem 4.9). We use here an abstract result from [87] and apply it to (1.1) 
similarly to how it was done in [87] for (1.11). This allow us to prove the 
existence of such finite c*(£) without an assumption about a quick decaying of 
a + in the direction £; i.e. that we do not need that (H3^) holds, for all A > 0, 
in contrast to [82,88]. It is worth noting that the hypothesis (H2) evidently 
holds under the assumptions from [82], where xr + = x ~, a + = a~, as well as 
it holds under the assumptions from [88], where one of the considered cases 
may be rewritten in the form = Jg * u — mu + x~ (9 — u)(a~ * u), which is 
equivalent to (1.1). 

A specific feature of the equation (1.1) is that any monotonic traveling wave 
with a non-zero speed c > c*(£) has a smooth profile ip c £ C'°°(R), whereas, 
for the traveling wave with the zero speed (which does exist, if only c*(£) < 0), 
one can only prove that its profile ipo £ C{ R) (Proposition 4.11, Corollary 4.12), 
in contrast to the equation (1.11), cf. [18], where a weaker smoothness was 
shown. This allow us to consider the equation for traveling waves point-wise: 

ctp'(s) + K + (a + * ip){s) — mip{s) — >c~ip(s)(a~ * ip)(s) =0, s £ R, (1.12) 

where the kernels a ± are obtained by the integration of a ± over the orthogonal 
complement {£1^, see (4-6) below. Moreover, in Proposition 4.13, we show that 
ip is a strictly decaying function. 

We study properties of the solutions to (1.12) using a bilateral-type Laplace 
transform: (2ip)(z) = f R ip(s)e zs ds, Rez > 0. To do this, we prove that any 
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solution (1.12) has a positive abscissa Ao(V’) of this Laplace transform, i.e. that 
< oo, for some A > 0 (Proposition 4.14). Moreover, in Theorem 4.23, 
we prove, in particular, that Ao(VO i s finite and bounded by Ao(a + ); note that 
the latter abscissa will be infinite in the case of quickly decaying kernel a + , i.e. 
whe (H3^) holds, for any A > 0. We also find in Theorem 4.23 the explicit 
formula for c*(£): 


c*(£) = inf 

A>0 


x+a^X) — m 
A ’ 


where at is defined in (H3f); and we show that the dependence of the abscissa 
Ao (ipc) for a traveling wave profile ip c corresponding to a speed c is strictly 
decreasing in c > c*(£). Note that this expression for the minimal traveling 
wave speed coincides with the known one for the equation (1.11), see e.g. [18]. 

Thus, for ‘exponentially decaying’ a + (i.e. if there exists a finite supremum 
of A’s for which (H3j) does hold), it is possible the situation in which the abscissa 
A* = Xo(ipc.(£)) °f the traveling wave with the minimal possible speed coincides 
with Ao(a + ). This case is traditionally more difficult for an analysis of profiles’ 
properties, cf. e.g. [2, Theorem 3, Remark 8]. We consider this special case in 
details and describe it in terms of the function a + and the parameters m, x , 
cf. Definition 4.20, Theorem 4.23. 

The variety of possible situations demonstrates the following natural exam¬ 
ple, cf. Example 4.22. Let 


a + ( x ) 


ae 

1 + \x\ q ’ 


q > 0, jl > 0, 


(1.13) 


where a > 0 is a normalising constant. Then, for any £ £ 5 d_1 , the abscissa 
Ao(a + ) = p. is finite. We show that the strict inequality A* < n always hold, 
for q £ [0,2]. Next, there exist critical values /z* > 0 and m* £ (0, x + ), such 
that, for q > 2, one has A* < /a if fi > /z* or if /z £ (0, /x*] and m £ (m*,x + ). 
Respectively, for q > 2, /a £ (0,/z*[, and m € (0, m*], we show the equality 
A* = /a, see Theorem 4.23. 

To study the uniqueness of traveling waves, we find also the exact asymptotic 
at oo of the profiles of traveling waves with non-zero speeds. Namely, we show 
in Proposition 4.25, that, for a profile z/> corresponding to the speed c / 0, 

ip(t) ~ c>c*(£), ~ Dt e _A °W’) t ) c = c*(^), (1.14) 


as t —> oo. Here D > 0 is a constant which may be chosen equal to 1 by a shift 
of tp (see Remark 4.32). To get (1.14), one needs an additional assumption in 
the critical case for the speed c = c*(£); for example, in terms of the function 
(1.13), this assumption does not hold for the case q £ (2,3], n £ (0, /z*], m = m* 
only (Remark 4.27). 

The asymptotic (1.14) was known for the equation (1.11), cf. e.g. [2,13,18]. 
In the two latter references, there was used a version of the Ikehara theorem 
which belongs to Delange [24], However, we have met here with the following 
problem. 

Both the classical Ikehara theorem (see e.g. [84]) and the Ikeraha-Delange 
theorem [24] (see also [29]) dealt with functions growing at infinity to oo. 
In [13,18], the corresponding results were postulated for functions (decreasing or 
increasing) which tend to 0 (on oo or — oo, respectively). We did not find any ar¬ 
guments why we could apply or how one could modify the proofs of Ikehara-type 
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theorems for such functions without proper additional assumptions. The nat¬ 
ural assumption under which it can be realized is that the decreasing function 
ip(s) (a traveling wave in our context) must become an increasing one, being 
multiplied on an exponent e us , for a big enough v > 0. 

Under such an assumption the Ikehara-type theorems might hold true, how¬ 
ever, one needs more to cover the aforementioned case A* = /j. In this case, 
the Laplace transform of a + is not analytic at its abscissa, that was a require¬ 
ment for the mentioned theorems. Therefore, we used an another modification 
of the Ikehara theorem, the so-called Ikehara-Ingham theorem [77]. Under the 
assumption that a constant v as above exists, we prove in Proposition 4.28 a 
version of the Ikehara-Ingham theorem for such decreasing functions. Next, 
using the ideas from [89], we show that, for any solution to (1.12) with c ^ 0, 
such a v does exist. 

Note also that the technique from [2] did not require the usage of Ikehara- 
type theorem, however, even for the local nonlinearity like in (1.11) it did not 
work in the critical case above. 

The asymptotic (1.14) allows us to prove the uniqueness of the profiles for 
a traveling wave with a non-zero speed (Theorem 4.33). We follow there the 
technique proposed in [13]. 

Problem (P5) The question of the front of propagation for the equations 
(1.9), (1.11) was studied less intensively. For our equation (1.3), one can refer 
to [67] (x + a + = x~a~, see also below) and [82] ( x + a + = x~a~, d = 1, quickly 
decaying kernels). Note that the generalization in [90] does not cover the equa¬ 
tion (1.3). One of the traditional way for the study of the front of propagation 
for integro-differential equations is the usage of abstract Weinberger’s results 
from [81] (which are going back to [6], for the Fisher-KPP equation (1.6)). The 
information we obtained for the traveling waves allow us to describe in more 
details the behavior of u(tx,t) ‘out of the front’; here u is the solution to (1.3). 
Namely, in Theorem 5.9, we prove that, for a proper compact convex set T l5 the 
function u(tx, t) decays exponentially in time, uniformly in x £ \ G , for any 

open Ti, provided that the initial condition decays in space quicker than 
any exponent (in particular, we do not require a compactly supported initial 
condition). 

To describe the behavior of u(tx,t), for x £ T l5 we start with an adaption of 
the results from [81] to our case. However, that abstract technique required that 
the initial condition should be separated from 0 on a set which can not be de¬ 
scribed explicitly (the existence of such a set was shown only, cf. Lemma 5.14 and 
Proposition 5.18 below). To avoid this restriction, we find, in Proposition 5.19, 
an explicit sub-solution to (1.3), and, moreover, we prove, in Proposition 5.20, 
that this sub-solution indeed becomes a minor ant for the solution, after a finite 
time. This arguments allow us to show that u(tx, t) converges to 9 uniformly in 
x £ e G, for any compact Ti (Theorem 5.10, Corollary 5.11). In notations of 
Problem (P5), it means informally that Tj « tdT\. 

As a consequence, we prove that, under additional technical assumptions, 
there are not other non-negative time-stationary solutions to (1.3) except con¬ 
stant solutions 0 and 6 (Proposition 5.12). 

The Mollison condition (H3{) is crucial: we show in Theorem 5.21 and Corol¬ 
lary 5.22 that the absence of a A and a £ £ 5' d— 1 which ensure (H3j) leads to 
an infinite speed of propagation (i.e. the compact set Ti above may be chosen 



arbitrary big) and hence to the absence of traveling waves at all. The corre¬ 
sponding result for (1.11) was received in [44] and it is goes back to [61,62] 
mentioned above. The results of [67] cover Theorems 5.9, 5.10, and 5.21, for 
the equation (1.3) with x + a + = x~a~\ however, a lot of details of the proofs 
(which used completely another technique) were omitted. 

To summarize, the structure of the paper is the following. In Section 2, we 
study Problems (PI) and (P2); Section 3 is devoted to comparison and maxi¬ 
mum principles, and, partially, to Problem (P3). Traveling waves, Problem (P4), 
are considered in Section 4. The long-time behavior, i.e. Problem (P5), and 
the rest of Problem (P3) are the topics of Section 5. In Subsection 6.1, we 
present some historical comments about the derivation of the equation (1.3); 
and, finally, in Subsection 6.2, we discuss some remarks and open problems. 


2 Existence, uniqueness, and boundedness 

Let u = u(x, t) describe the local density of a system at the point x £ R d , d > 1, 
at the moment of time t € J, where / is either a finite interval [0, T], for some 
T > 0, or the whole R + := [0, oo). The time evolution of u is given by the 
following initial value problem 

! — (x, t) = x + (a + * u)(x, t) — mu{x 7 1) 

— x~u(x,t)(a~ * u)(x,t), x G t £ I \ {0}, (2-1) 

u(x, 0) = uo(x), x£R d , 

which we will study in a class of bounded in x nonnegative functions. 

Here m > 0, xr 1 > 0 are constants, and functions 0 < a ± £ L 1 (K d ) are 
probability densities: 

[ a + (y)dy= [ a~(y)dy = 1 . (2.2) 

J Jm. d 

Here and below, for a function u = u(y,t), which is (essentially) bounded in 
y £ and a function (a kernel) a £ L 1 (M. d ), we denote 


(a * u)(x, t) 


a(x - y)u(y, t)dy. 


(2.3) 


We assume that uq is a bounded function on R d . For technical reasons, we 
will consider two Banach spaces of bounded real-valued functions on R d : the 
space C u b(K d ) of bounded uniformly continuous functions on with sup-norm 
and the space L°°(R d ) of essentially bounded (with respect to the Lebesgue 
measure) functions on with esssup-norm. Let also Cb(R d ) and Co(R d ) denote 
the spaces of continuous functions on R d which are bounded and have compact 
supports, correspondingly. 

Let E be either C„b(K d ) or L°°(]R d ). Consider the equation (2.1) in E; in 
particular, u must be continuously differentiable in t, for t > 0, in the sense of 
the norm in E. Moreover, we consider u as an element from the space Cb{I —> E) 
of continuous bounded functions on I (including 0) with values in E and with 
the following norm 

\\u\\ Cb (I^E) = SUp||w(-,t)|| f ;. 
tei 
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Such a solution is said to be a classical solution to (2.1); in particular, u will 
continuously (in the sense of the norm in E) depend on the initial condition uq. 

We will also use the space Cb(I —> E) with I = [Ti,T 2 ], Ti > 0. For 
simplicity of notations, we denote 

X Tl ,t 2 := C b ([Ti , T 2 ] ->• C ub (K d )), T 2 >T 1 >0 1 

and the corresponding norm will be denoted by || • || Tl . We set also X T '■= X 0T , 
II • ||r := || • ||o,t, and 

Xqo := Cb(]R + —> C u b(R d )') 

with the corresponding norm ||-||oo- The upper index will denote the cone 
of nonnegative functions in the corresponding space, namely, 

X+ := fuel, | u > 0}, 

where jj is one of the sub-indexes above. Finally, the corresponding sets of 
functions with values in L°°(\ R d ) will be denoted by the tilde above, e.g. 

X T := Cb([0,T] —> L°°(R d )), 

X£ := {u £ Xt | > 0, t £ [0,T], a.a.a: £ K d }. 

We will also omit the sub-index for the norm || • in E, if it is clear whether 
we are working with sup- or esssup-norm. 

We start with a simple lemma. 

Lemma 2.1. Let a £ L 1 (K d ), / £ L°°(M. d ). Then a* f £ C u &(]R d ). Moreover, 
if v £ Cb(I —> E), I c R+, then a * v £ Cb(I —> C u b(M. d )). 

Proof. The convolution is a bounded function, as 

I(o*/)(*)I<II/IUIH|li(r-), a£L 1 (R d )j£E. (2.4) 

Next, let a n £ Co(M d ), n £ N, be such that ||a — o n ||ii(K<») —> 0, n —> oo. For 
any n > 1, the proof of that a n * f £ C u b(^ d ) is straightforward. Next, by 
(2.4), ||a * f — a n * f\\ -> 0, n —» oo. Hence a* u is a uniform limit of uniformly 
continuous functions that fulfilles the proof of the first statement. The second 
statement is followed from the first one and the inequality (2.4). □ 

The following theorem yields existence and uniqueness of a solution to (2.1) 
on a finite time-intervals [0,T]. 

Theorem 2.2. Let uq £ C u b(R d ) and uq(x) > 0, x £ R d . Then, for any T > 0, 
there exists a unique nonnegative solution u to the equation (2.1) in C u b(R d ), 
such that u £ Xt- 

Proof. Let T > 0 be arbitrary. Take any 0 < v £ Xt- For any r £ [0, T), 
consider the following linear equation in the space C u b(R d ) on the interval [r, T]: 

{ du 

— (x,t) = —mu(x,t ) — >c~u(x,t)(a~ * v)(x,t) 

+ x + (a + * v)(x, t), t £ (r, T], (2-5) 

u(x,t) = U T (x), 
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where 0 < u s G C u b(M. d ), s > 0, are some functions, and uq is the same as 
in (2.1). By Lemma 2.1, in the right hand side (r.h.s. in the sequel) of (2.5), 
there is a time-dependent linear bounded operator (acting in u) in the space 
C„b(K d ) whose coefficients are continuous on [r, T\. Therefore, there exists a 
unique solution to (2.5) in C„&(R d ) on [r, T], given by u = <& T v with 

(& T v)(x,t) := (Bv)(x, t, t)u T (x) + j' (Bv)(x, s,t)x + (a + * v)(x, s) ds, (2.6) 
for x G t G [t, T], where we set 


(Bv)(x, s, t) := exp J (m + x (a * v)(x,p)) dp'j . 


(2.7) 


for x € t,s G [r,T]. Note that, in particular, (& T v)(-,t),(Bv)(-,s,t) G 
C„b(K d ). Clearly, (4> T u)(x, t) > 0 and, for any T G (r, T], 

|| < 3M(-,t)|| < ||u T || +>f + (T-r)||u|| Ti T, t G [t, T], (2.8) 

where we used (2.4). Therefore, <J> T maps X+r i n t° itself, T G (r, T]. 

Let now 0 < r < T < T, and take any v,w G X+ r . By (2.6), one has, for 
any x G R d , t G [r, T], 

|($ T i>)(x,<) - ($ T w)(x,f)| < Ji + J 2 , (2.9) 

where 

Ji := | (Bv)(x,T,t) - (Bw)(x,T,t)\u T (x), 

J 2 := J | (Bv)(x, s, t)(a + * v)(x, s ) — ( Bw)(x , s, t)(a + * w)(x, s ) | ds. 

Since \e~ a — e~ b \ < |a — 6|, for any constants a, b > 0, one has, by (2.7), (2.4), 
Ji < x~ (T — r)||M r ||||u — w|| T) t. (2.10) 


Next, for any constants a, b,p,q > 0, 


| pe a — qe b | < e a \p — q\ + q maxje °,e b }|a — b\, 
therefore, by (2.7), (2.4), 

J 2 < x+ J (Bv)(x, s, f)(a + * |w — w\) ( x , s) ds 

+ >c + J max{(i?u)(x, s, t), (Biv)(x, s, f)} (a + * w)(x, s ) 

x x~ J {a~ * \v — w\)(x,r) dr ds 

< x + (T — r)||u — w|| Tj t + x^x~ || tc|| Tj x||^ — ru|| T ,r J e _m ^ t_s ^(t — s) ds 

< x + (l + — ||w|| tT )(T - r)||u - w|| T) t, (2-11) 

V me / 
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as re r < e 1 , r > 0. 

For any T 2 > Ti > 0, we define 

x t u t 2 ( r ) : = e X t u t 2 I IMk,T 2 < r}, r > 0. 

Take any /z > ||u T ||. By (2.8)-(2.11), one has, for any v,w € A?+ T (r), r > 0, 


|(<M>)(a ’,t) - ($ T w)(x,t)\ < [x /z + >r + + r )( T ~ r )ll t ’ “ H|t,T, 

I($ T u)(a:, t) I < /z + x + r(T — r). 


Therefore, $ T will be a contraction mapping on the set A?+ T (r) if only 


( x fj. + x H-r 

V me 

Take any a £ (0,1) and set 


^ (T — t) < 1 and /z + >c + r(T — r) < r. (2.12) 


C := x~ 


me 


r := fi + 


OCH 


C ’ 


„ a a 

X '■= T + = T + ———-+ . 

Ct G/i + a>c + 


(2.13) 


Then, the second inequality in (2.12) evidently holds (and it is just an equality), 
and the first one may be rewritten as follow 


(CTz 


C > Cr 


w < 1, 


or, equivalently, 


aC/z + a 2 


< Cti¬ 


me C 

To fulfill (2.14), one should choose a £ (0,1) such that 

a 2 C 2 time 


1 — a (>f+ ) 2 >f 


(2.14) 


(2.15) 


Since function f(a) = is strictly increasing on [0,1) and /(0) = 0, one can 
always choose a £ (0,1) that satisfies (2.15). 

As a result, choosing p, = p(r) > ||tz T || (to include the case u T = 0) and a 
that satisfies (2.15), one gets that 4> r will be a contraction on the set A J j" T (r) 
with T and r given by (2.13); the latter set naturally formes a complete metric 
space. Therefore, there exists a unique u £ Xj~ T (r) such that $ T u = it. This u 
will be a solution to (2.1) on [r, T]. 

To fulfill the proof of the statement, one can do the following. Set r := 0, 
choose any Hi > ||wol and fix an a that satisfies (2.15) with /i = fi 1 . One gets 
a solution u to (2.1) on [0, Ti] with Ti = CfJ1 + a>t + i IMIt, < IH + ^r- 

Iterating this scheme, take sequentially, for each n £ N, r := T„, ux„{x) '■= 
u(x, T„), x £ K d , 

rvyf Jr 

Mn+1 :=Hn + -^>\\urJ. 
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Since fi n +i > g n , the same a as before will satisfy (2.15) with g = g n+ 1 as well. 
Then, one gets a solution u to (2.1) on [T n ,T ra +i] with initial condition uy n , 
where 

Tn+i := T„ + --^-x, 

C / A t ra+1 + Ol>t + 

and 

ax + 

|M|t„,T„ + i < Mn+1 H-= Mn+2- 

As a result, we will have a solution u to (2.1) on intervals [0, Ti], [Ti, T 2 ], ..., 
[T n , T n+ i], n G N, where g n +i = A<i + n^-, and, thus, 


L n +1 


— T 

•— -L n 


Cfi 1 + (n + l)a>f + 


(2.16) 


By Lemma 2.1, the r.h.s. of (2.1), will be continuous on each of constructed 
time-intervals, therefore, one has that u is continuously differentiable on (0, Y n +i] 
and solves (2.1) there. By (2.16), 


-n+1 • — 


n+1 

£■ 

3 


—( C/J, 1 + jaxd 


n 00 , 


therefore, one has a solution to (2.1) on any [0,T], T > 0. 

To prove uniqueness, suppose that v € Xt is a solution to (2.1) on [0,T], 
with u(a;,0) = uq(x), x £ K d . Choose /n > ||u||t > ||uo||- Since {/U„} n£ N above 
is an increasing sequence, v will belong to each of sets X^ T (fi n+ 1 ), n > 0, 
Tq := 0, considered above. Then, being solution to (2.1) on each [T„,T n+ i], 
v will be a fixed point for By the uniqueness of such a point, v coincides 

with u on each [T„,T„ + i] and, thus, on the whole [0,T]. □ 

Remark 2.3. The statement of Theorem 2.2 holds true for solutions in 
with u £ Xt- the proof will be mainly identical. See also [34, Theorem 4.1]. 

Consider the following quantity 

9 := H+ e R . (2.17) 

Theorem 2.2 has a simple corollary: 

Corollary 2.4. Let to > 0 be such that the solution u to (2.1) is a constant in 
space at the moment of time to, namely, u(x,to) = u(t 0 ) > 0, x £ R d . Then 
this solution will be a constant in space for all further moments of time, more 
precisely, 


u(x, t) = u(t) 


_ u{t Q ) _ 

u(to)ge(t) + exp (-dx~t) 


> 0 , 


x£R d ,t>t 0 , (2.18) 


where 

[ 1 - exp (-0x-t) y 
9e(t)={ 6 ’ t>t 0 . 

y>c t, d — 0, 

In particular, u(t) max{0,6*}, t —> 00 . 
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Proof. First of all, we note that in the proof of Theorem 2.2 we proved that the 
problem (2.1) has a unique solution. Next, straightforward calculations show 
that (2.18) solves (2.1) for r = to, that implies the first statement. The last 
statement is also straightforward then. □ 

Remark 2.5. Note that (2.18) solves the classical logistic equation, cf. (1.2): 

— u(t) = x~u(t)(9 — u(f)), t > to, u(t 0 ) > 0. (2.19) 

By Lemma 2.1, the mapping A + v = x + a + * v defines a linear operator 
on C u b(R d ), which is evidently bounded: by (2.4) and A + 1 = >c + , one has 
P + ll = . Then a solution u to (2.1) satisfies the following equation 

rt 

u(x,t ) = e~ tm e tA+ uo(x) — / e~ ( ' t ~ s ' >m e ( - t ~ s ' >A+ x~u(x, s)(a~ *u)(x,s)ds. 

J o 

Therefore, u(x,t) > 0 implies u(x,t) < e~ tm e tA+ Uo(x), x € R d , t > 0; and 
hence, by Theorem 2.2, 0 < uq € C u b(R d ) yields 

IK,i)||<e ( * + - m)t ||tio||, t > 0. (2.20) 

In particular, for m > x + , the solution u(x,t) to (2.1) exponentially quickly 
in t tends to 0, uniformly in x £ R d . 

We proceed now to show that, in fact, the solution to (2.1) is uniformly 
bounded in time on the whole R + , provided that the kernel a~ does not degen¬ 
erate in a neighborhood of the origin and a + has an integrable decay at oo. 

Definition 2.6. Let 1^ denote the indicator function of a measurable set 
A C R d . Recall that a sequence f n £ L^ c ( R d ) is said to be locally uniformly 
convergent to an / € L^ c (R d ), if 1 a fn —> 1a/ hr n —> oo, for any 

compact A C R d . We denote this convergence by /„ /. We will use the 

same notation to say that, for some T > 0 and v n ,v£ L™ c {R d x [0, T]), one has 
Ia^h ~t 1 a^ hr L°°(R d x [0,T]), for any compact A C R d . 

We start with a simple statement useful for the sequel. 

Lemma 2.7. Let a € L 1 (R d ), {/„,/} C L°°(R d ), \\f n \\ < C, for some C > 0, 
and f n /. Then a* f n a* f. 

Proof. Let {a m } C Co(R d ) be such that \\a m — a||z,i(M d ) —> 0, m —> oo, and 
denote A m := suppo m . Note that, there exists D > 0, such that ||am||ii(R<q < 
D, to € N. Next, for any compact A C R d , 

\^A{x)(a m *(f n -f))(x)\< [ l Arn (y)^A{x)\a m (y)\\f n (x - y) - f(x - y)\dy 

J R d 

< l! a m||L 1 (R <i )l|lA m (/n ~ /)|| ~t 0, U —> OO, 
for some compact A m C R d . Next, 

II 1a {a*{fn - /))II < ||lA(a m * (fn - /))|| + ||lA((a-a m ) * (f„ - /))|| 

< ^l|lA m (/n ~ f)\\ + (C + ||/||)||a, — 

and the second term may be arbitrary small by a choice of to. □ 
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The next theorem is an adaptation of [50, Theorem 1.2]. 

Below, | • | = | • | R d denotes the Euclidean norm in R d , B r (x ) is a closed ball 
in with the center at x £ and the radius r > 0; and b r is a volume of this 
ball. Consider also, for any z £ Z d , q > 0, a hypercube in with the center at 
2 qz £ and the side 2 q: 

H q {z) := {y £ R d | 2 z t q - q<yi< 2 z l q + q,i = 

Theorem 2.8. Suppose that there exists r$ > 0 such that 

a := inf a~ (x) > 0. (2.21) 

\x\<r 0 

Suppose also that, for some q £ (0, , 

a q := sup a + (x) < oo (2.22) 

2gZ d x£H q (z) 


(e.g. let, for some e > 0, A > 0, one have a + (x) < 1 + ^d+e , for a.a. x £ WL d ). 
Then, the solution u > 0 to (2.1), with 0 < uq £ C u b($t d ), belongs to X^. 

Proof. If m > >r + then the statement is trivially followed from (2.20). Suppose 
that m < x + and rewrite (2.1) in the form 

d 

—u(x, t) = (L a +u)(x, t ) + x~u{x, t) (d — ( a~ * u)(x, t)) , (2.23) 

where 9 = - > 0 and the operator L a + acts in x and is given by (1.4). 

x 

It is easily seen that H q (z) C B q ^(2qz), z £ Z d , q > 0. Take any q < 
such that (2.22) holds, and set r = qVd < ^. Define 

v(x,t) := (l Br ( 0) * u)(x,t) = I u(y, t) dy. (2.24) 

JB r (x) 

By Lemma 2.1, Theorem 2.2, (2.20), 0<t)€ Xt, T > 0, and 
\\v(;t)\\<b r e^ + - m »\\u 0 \\, t> 0. 

Note that, by (1.4), 

L a +v = x + a + * l Sr (o) * u - ^ + ll Br (o) * u = l Sr (o) * (L a +u). 
Therefore, 

d ( d \ 

—u(x,t) - (L a +v)(x,t) = (l Br (o) * -Q t u )(x,t) - (a Br ( 0 ) * (L a +u))(x,t) 

= x~ [ u(y,t)(6-(a~*u)(y,t))dy. (2.25) 

Jb t (x ) 

By (2.24), one has ||u(-,0)|| < 6 r ||u 0 ||. Set 

( 0 'i 

M > maxi b r ||uo|| , — (2.26) 
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First, we will prove that 


\\v(-,t)\\<M, t> 0. (2.27) 

On the contrary, suppose that there exists t' > 0 such that ||v(-,f , )|| > M. 
By (2.24) and Lemma 2.1, ||i>(-,f)|| is continuous in t. Next, since ||v(-,0)|| < M, 
there exists to > 0 such that ||u(-,to)|| = M and ||v(-,f)|| < M, for all t G [0,<o)- 
Consider the sequence {x n } C R d such that v(x n ,to) —> M, n —> oo. Define 
the following functions: 

u n (x, t ) := u(x + x n , t), v n (x, t) := v(x + x n , t) = (l Br (o) * u n )(x, t), 

for x G R d ,t > 0. Take any T > 0. Evidently, u € C„b(R d x [0,T]), then, for 
any e > 0, there exists 5 > 0 such that, for any x,y G R d , t,s G [0,T], with 
|®-y|R«» + |i-s| < S, one has \u n (x,t)-u n (y, s)\ = \u(x+x n ,t)-u(y+x n , s)\ < e. 
And, by (2.20), 

K(-,t)||<|K-,t)||<e ( * + “"* )T |K||, neN,t€ [0,T]. (2.28) 

Hence {u ra } is a uniformly bounded and uniformly equicontinuous sequence of 
functions on x [0,T]. Thus, by a version of the Arzela-Ascoli Theorem, 
see e.g. [30, Appendix C.8], there exists a subsequence { 1 ^} and a continuous 
function u 0 0 on x [0, T\ such that u nk ===^> u^. Moreover, one can easily 

show that Uoo G C u b(R d x [0,T]). By (2.28) and Lemma 2.7, v nk ==4> Voo = 
lfi r (o) * w oo 5 moreover, Voo € C„ & (R d x [0, T]). 

It is easily seen that both parts of (2.25) belong to X T . Hence one can 
integrate (2.25) on [0, t] C [0 ,T], namely, 

v(x, t) = v(x, 0) + / (L a +v)(x, s) ds 
Jo 

+ x / / u (y, s) (9 — (a~ * u) (y, s)) dy ds. (2.29) 

Jo J B r (x) 

Substitute x + x nk instead of x into (2.29) and use twice the integration by 
substitution in the second integral, then one gets the same equality (2.29), but 
for v nk , u Uk instead of v, u, respectively. Next, by Lemma 2.7 and the dominated 
convergence arguments, one can pass to the limit in k in the obtained equality. 
As a result, one get (2.29) for Voo, Woo instead of v and u, respectively. Next, 
since C',,6 (W 1 x [0,T]) C X T , the integrands with respect to s in the left hand 
side (l.h.s. in the sequel) of the modified equation (2.29) (with Koodoo G Xt) 
will belong to Xt as well. As a result, Voo will be differentiable in t in the sense 
of the norm in C u b(R d ). Finally, after differentiation, one get (2.25) back, but 
for Voo, Uoo, namely, 

d 

-Q- f Voo (X,t) - (L a +Voo)(x,t) 

= / Uoo (y,t) (9 - (a~ * Uoo) (y,t)) dy. (2.30) 

J B r (x) 

Going back to the definition of x n , one can see that 

Voo{0,to) = lim v nk (0, to) = lim v(x nk , t 0 ) = M, (2.31) 

k—to o k—to o 
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whereas, for any x € R d , t € [0, to) 5 Voo 
fore, jftVoo (0, fo) > 0 and, by (1.4), (L a 


(x,t) = lim v(x + x nk , t) < M. There- 

k—yoo 

+ ^oo)(0, to) < 0. Then, by (2.30), 



{y,to) {9 - (a 


* ^oo ) (y,to)) dy > 0. 


(2.32) 


Next, the function u 00 (-,to)i by the construction above, is nonnegative. It can 

not be identically equal to 0 on B r ( 0), since otherwise, by (2.24), v x (0, to) = 

0 that contradicts (2.31). Hence by (2.32), the function 9 — ( a~ * UooX’Uo) 

cannot be strictly negative on B r ( 0). Thus, there exists yo £ B r ( 0) such that 

9 > (a~ *Uoo)(yo,to). Since 2r < ro, one has that inf a~(x) > a, cf. (2.21). 

x£B 2r (o) 


Therefore, one can continue: 


0 > (a 

* Uoo)(yo,t 0 ) > j 

a (y)u 00 (yo - 

y,to) dy 


JB 2 r(0) 



> a 

O 

S* 

1 

O 

8 

53 

= a u 00 (y,to)dy 

- 

B 2 r (0) 

J B2r(yo) 


> a 

/ Uoo(y, to) dy = 01)00(6, t 0 ) = aM , 


- 

'BA 0) 




that contradicts (2.26). Therefore, our assumption was wrong, and (2.27) holds. 

We proceed now to show that ||x<,(-, t)|| is uniformly bounded in time. By 
(2.24), (2.27), (2.22), one has, for r = qVd, 


{a + * u){x,t) = ^2 / a + (y)u(x — y, t) dy 

z6Z d H i( z ) 

< ^2 sup a+ (y) / u{x-y,t)dy 

26Zd yeff,(z) J B r (2qz) 

= 5Z sup a+ (y) [ u(y,t)dy < Ma+i (2.33) 

S/6ff,(z) JB r (x-2qz) 


Therefore, by (2.1), (2.33), using the same arguments as for the proof of (2.20) 
one gets that 

0 < u(x, t) < e~ mt u 0 {x) + [ e“ (f_s)m /Ma+ ds 

Jo 

t x + Ma+ 

— j_ Ln __ e ~ mt ) 

x£R d , t > 0, (2.34) 

that fulfills the proof. □ 


“'ll V**V 


V- 1 - 


< max< 


■ x + Mat 


m 


\uo 




Remark 2.9. It should be stressed that we essentially used the uniform conti¬ 
nuity of the solution to prove Theorem 2.8. 

Under conditions of Theorem 2.8, the solution u will be uniformly continuous 
on x R + , namely, the following simple proposition holds true. 
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Proposition 2.10. Let u be a solution to (2.1) with uq £ C u b(R d ), and suppose 
that there exists C > 0, such that 

\u(x,t)\ < C, x £ R d , t > 0. 

Then u £ C u b(R d x R + ). Moreover, ||u(-,f)|| £ C u b(R+). 

Proof. Being solution to (2.1), u satisfies the integral equation 

u(x,t) = uq(x) + / (x + (a + * u)(x, s) — x~u(x, s)(a~ * u)(x, s) — mu(x, s)) ds. 

Jo 

Hence for any x,y £ 0 < r < t, one has 

\u(x, t ) — u(y, r)| < J (2 x + C + 2 x~C 2 + 2 mC)ds 
= 2(x + + x~C + in)C{t — r), 

that fulfills the proof of the first statement. Then, the second one follows from 
the inequality |||u(-, t)\\ - ||u(-,r)||| < \\u(-,t) - u(-,r)||. □ 

3 Around the comparison principle 

The comparison principle is one of the basic tools for the study of elliptic and 
parabolic PDE. It is widely use for the nonlocal diffusion equation (1.11) (see 
e.g. [18]), however, it does not hold, in general, for (1.9) (see e.g. [3,50] and the 
references therein). We will find the sufficient conditions (see (Al) and (A2) 
below), under which the comparison principle for the equation (2.1) does hold 
and which will be the basic conditions for all our further settings. Moreover, 
one can show a necessity of these conditions (Remark 3.6). Subsection 3.2 is 
devoted to the maximum principle, which is a counterpart of the comparison one 
for parabolic ODE. In particular, Theorem 3.9 states that graphs of two different 
solutions to (2.1) never touch. The last Subsection gives further technical tools 
which will be explored through the paper. 

3.1 Comparison principle 

Let T > 0 be fixed. Define the sets Xf and Xf of functions from Xt, respec¬ 
tively, Xti which are continuously differentiable on (0, T] in the sense of the 
norm in (7 u {,(]R d ), respectively, in L°°(R d ). Here and below we consider the 
left derivative at t = T only. For any u from Xf one can define the following 
function 

r)oi 

{Pu) (x, t) ■- — (x, t) - *T + (a + *u)(x, t) 

+ mu(x, t) + x~u(x, t)(a~ * u)(x, t) (3.1) 

for all t £ (0, T] and all x £ R d . Moreover, for any u £ Xf, one can consider the 
du 

function — (-,t) £ L°°(R d ), for all t £ (0,T]. Then, one can also define (3.1), 
which will considered a.e. in x £ now. 
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Theorem 3.1. Let there exist c > 0, such that 


x + a + (x) > cx a (x), a.a. x £ (3-2) 

Let T £ (0, oo ) be fixed and functions U\,U2 G Xf be such that, for any (x, t ) G 
U. d x (0, T], 


(. Tu\){x,t) < {Tu 2 ){x,t), (3.3) 

ui(x, t) > 0, 0 < U 2 (x, t) < c, u\(x, 0) < U 2 {x, 0). (3-4) 


Then ui(x,t) < U 2 (x,t), for all ( x,t ) G x [0,T]. In particular, u\ < c. 
Proof. Define the following function 

f{x,t):=(Fu 2 ){x,t) — (Fui)(x,t)>Q, x £ R d , t G (0, T], (3.5) 

cf. (3.3). We set 


K = m + x ||ui||t, (3.6) 

and consider a linear mapping 

F(t, w ) := Kw — mw + x + (a + * w) 

— x~w(a~ * ui) — x~U 2 (a~ * w) + e Kt f, (3.7) 

for w G Xt . By (3.4), (3.5), (3.6), (3.2), (2.4), w > 0 implies 

F(t, w) = Kw — mw + ( x + a + — cx~a~) * w 

+ x~ (c — U 2 )(a~ * w) — x~w(a~ * iti) + e Kt f 
> Kw — mw + ( x + a + — cx~a~) *w — ^ _ ||ui||t^ + e Kt f > 0. (3.8) 

Define also the function 

v(x,t) := e Kt (u 2 (x,t) — Ui(x,t)), x £ R d ,t £ [0,T], 

Clearly, v £ Xf, and it is straightforward to check that 

F(t,v(s,t)) = ^v(x,t), (3.9) 

for all x £ t G (0,T]. Therefore, v solves the following integral equation in 
C„b(K d ): 

! v(x, t) = v(x, 0) + f F(s,v(x, s))ds, (x,t) £ M d x(0,T], 

Jo (3.10) 

v(x, 0) = U 2 {x, 0) — iti(x, 0), x G 

where v(x, 0) > 0, by (3.4). 

Consider also another integral equation in C u b{ R d ): 

v(x,t) = (flfv)(x,f) (3-11) 
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where 


■t 


('S>w)(x, t) := v(x, 0) + / max{F(s, w(x, s)), 0} ds, w £ Xt- (3.12) 
Jo 

It is easily seen that w £ X yields $u> £ Xffi. Next, for any T < T and for 
any W\,W 2 £ Xf, one gets from (3.7), (3.12), that 

\\* Wl — ^^llf < T(K + TO + K + + X- _ ||mi||t + CX~)\\W2 — W\\\f 

:= q T f\\w2 - tOiUj., (3.13) 

where we used the elementary inequality |max{a, 0} — max{&, 0}| < |a — 6|, 
a,b £ K. Therefore, for T < ( qr ) _1 , 'F is a contraction on XJ. Thus, there 
exists a unique solution to (3.11) on [0, T). In the same way, the solution can be 
extended on [T, 2T], [2T, 3T], ..., and therefore, on the whole [0, T], By (3.11), 
(3.12), 


v(x, t ) > v(x, 0) > 0, 


(3.14) 


hence, by (3.8), (3.12), 

v(x, t) = v(x, 0) + f F(s, v(x, s)) ds =: S(u)(x, t). (3.15) 

Jo 

Since v £ Xt, (3.15) implies that v is a solution to (3.10) as well. The same 
estimate as in (3.13) shows that S is a contraction on Xf , for small enough T. 
Thus v = v on x [0,T], and one continue this consideration as before on 
the whole [0,T]. Then, by (3.14), v(x,t) > 0 on x [0,T], that yields the 
statement. □ 

Remark 3.2. The previous theorem holds true in X’f,. Here and below, for the 
L°°- case, one can assume that (3.3), (3.4) hold almost everywhere in x only. 

From the proof of Theorem 3.1, one can see that we used the fact that U\,U 2 
belong to X'j, to ensure that (3.9) implies (3.10) only. For technical reasons we 
will need to extend the result of Theorem 3.1 for a wider class of functions. 
Naturally, to get (3.10) from (3.9), it is enough to assume absolute continuity 
of v(x,t) in t, for a fixed x. Consider the corresponding statement. 

For any T £ (0, oo], define the set of all functions u : x M + — > R, such 

that, for all t £ [0,T), £ C u b(R d ), and, for all x £ R d , the function f(x,t ) 

is absolutely continuous in t on [0, T). Then, for any u £ one can define 
the function (3.1), for all x £ and a.a. t £ [0,T). 

Proposition 3.3. The statement of Theorem 3.1 remains true, if we assume 
that U\,U 2 £ &T and, for any x £ the inequality (3.3) holds for a.a. t £ 
(0, T) only. 

Proof. One can literally repeat the proof of Theorem 3.1; for any x £ R d , the 
function (3.5) and the mapping (3.7) will be defined for a.a. t £ (0, T) now (and 
it will not be a mapping on Xt, of course). Similarly, (3.8) and (3.9) hold, for 
all x and a.a. t. However, for any x £ R d , one gets that (3.10) holds still for all 
t £ [0, T\. Hence, the rest of the proof remains the same, stress that, in general, 
F(t)v ^ Xt, whereas H(v) £ Xt, cf. (3.15). □ 
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The standard way to use Theorem 3.1 is to take u± and which solve 
(2.1), thus, Tu i = Tu'i = 0, and (3.3) holds. Then Theorem 3.1 gives a 
comparison between these solutions provided that there exists a comparison 
between the initial conditions. However, to do this, one needs to know a priori 
that u 2 (x, t) < c. For example, one can demand that c is not smaller than the 
constant in the r.h.s. of (2.34). Another possibility is to compare the solution 
to (2.1) with the solution to its homogeneous version (2.19) (with to = 0). 

Namely, let (3.2) hold, 0 < v < c, and, cf. (2.18), 


^ ^ vgg(t) + exp(—6 x t) 

»(() := lim 

y 


> 0 , 

> 0 . 


It is easily seen that, for 9 < 0, ip(t,v) decreases monotonically to 0 on t G 
[0, oo): exponentially fast, for 9 < 0, and linearly fast, for 9 = 0. In particular, 
v) < v < c, t > 0. As a result, 

• if x + < to and 0 < uq G C„b(R d ) be such that ||uo|| < c, then ||u(-,f)|| < 
ip(t, II iio||). In particular, u converges to 0 uniformly in space as t —► oo. 

Next, for 9 > 0, the function ip(t,v) increases monotonically to 9 on t G 
[0, oo), if v < 9\ and it decreases monotonically to 9, if v > 9 , and, clearly, 
ip(t) = 9, if v = 9. Therefore, if (3.2) holds with c > 9 and 0 < ||uo|| < c then 
ip(t, IKH) < ||u 0 || < c, and therefore, ||u(-,£)|| < ip(t, ||uo||) —> 9, t —> oo. Set 
also inf Uo(x) =: /3 > 0, then one can apply the comparison principle to the 

functions u\ = if>(t, (3) and w 2 = u. (Note that 0) = 0.) As a result, 

• if >r + > m and 0 < «o 6 C u b(M. d ) be such that 0 < ||ito|| < c, then 

< u(x,t) < ip(t , lluoll), x G R d , t > 0, where (3 = inf Uo{x) > 0. In 

R d 

particular, if (3 > 0 then u converges to 9 exponentially fast as t —> oo and 
uniformly in space. 


Consider the case in which (3.2) holds with c > 9 and ||uo|| < 9 , in more 
details. Then, one can set u 2 = 9 (that is a solution to (2.1)), and ||u(-,£)|| < 
9 = ip(t, 9). Of course, for this case it is enough to have (3.2) with c = 9 only. 
The latter constitutes the following basic assumptions for the most part of our 
further results: 


> to., (Al) 

x + a + (x) > (>c + — m)a~(x), a.a. x € R d . (A2) 

Proposition 3.4. Suppose that (Al) and (A2) hold. Let 0 < Uq € C u b(R d ) 
be an initial condition to (2.1) and u G Xt be the corresponding solutions on 
any [0,T], T > 0. Suppose that 0 < uq(x) < 9, x G Then u G Xwith 
Halloo < 9. 

Let Uo G C u b(M d ) be another initial condition to (2.1) such that uq{x) < 
vo(x) < 9, x G K 6 *; and v G X x be the corresponding solution. Then 

u(x,t) < v(x,t), xGR d ,t> 0. 
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If, additionally, (3 := inf uq{x) > 0, then 


_ m _ 

/3 + (9 — f3) exp(— 6x~t) 


< u(x, t) < 6 , 


x € R d , t > 0. 


(3.16) 


In particular, 

Q _ O 

\\u(-,t) — 9\\ < —exp(— 9x~t), t> 0. 

Proof. The first two parts were proved above; note that 9x~ = x + — to. The 
last one is followed from the definition of the function ip above and the estimate 
for the difference between low and upper bounds in (3.16). □ 

Remark 3.5. The same result may be formulated for Xt and X^. All inequalities 
will hold true almost everywhere only. 

We did not consider all possible relations between c, 9 > 0, and ||ito||. In 
particular, the previous-type considerations do not cover the situation in which 
(3.2) holds with c < 9. In such a case, the solution to (2.19) (with t 0 = 0) can 
not be considered as a function U 2 in Theorem 3.1 since that solution tends to 
9 as t —> oo, hence, (3.4) will not hold. This situation remains open. 

Another case, which is not covered by the comparison method is the follow¬ 
ing: let 9 > 0, i.e. (Al) holds, and ||uo|| > c. However, it may be analyzed 
using stability arguments provided that c > 9, the latter evidently implies (A2). 
Under assumptions (Al), (A2), we set, cf. (3.19) below, 


Jg(x) := x + a + (x) — {x + — m)a ( x ) >0, x € (3-17) 


Next, denote the r.h.s. of (2.1) by G(u). Recall, that G(9) = 0, hence, u* = 9 is 
a stationary solution to (2.1). Another stationary solution is u* = 0. Consider 
the stability property of these solutions. To do this, find the linear operator 
G'{u) on C u f,(]R d ): for v € C„b(R d ), 


G'{u)v 


ds 


G(u+sv ) 


s=0 


x + (a + * v) — mv — x v(a * u) — x u(a *v ). 


(3.18) 


Therefore, by (3.17), 

G'{9)v = x + (a + * v) — mv — x~9v — x~9(a~ * v) = Jg * v — x + v. 

By (3.17), f Rd Jg(x)dx = m, thus, the spectrum a(A) of the operator Av := 
Jg * v on C„b(R d ) is a subset of {z G C | \z\ < to}. Therefore, 

a{G'(9)) = a(A — x + ) c {z £ C | | z + x + \ < to} C {z S C | Rez < 0}, 


by (Al). Hence, by e.g. [23, Chapter VII], u* = 9 is uniformly and asymptot¬ 
ically stable solution, in the sense of Lyapunov, i.e., for any £ > 0 there exists 
6 > 0 such that, for any solution u € C u i,(R d ) to (2.1) and for all t\ > 0, the 
inequality ||u(-,fi) — 0|| <5 implies that, for any t > t\, ||w(-,f) — 0|| < e; and, 
for some 5 0 > 0, the inequality ||u(-,fi) — 9 1 < do yields lim ||u(-,f) — 0|| = 0. 

t —^ OO 

In particular, it works if 9 < ||ito|| < 9 + Sq. Moreover, it is possible to show 
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that u* = 9 is a globally asymptotically (exponentially) stable solution to (2.1), 
that means, in particular, that ||tto|| > 9 may be arbitrary; we expect to discuss 
this in a forthcoming paper. 

Note also, that, by (3.18), G'(0)v = x + (a + * v) — mv. Then, the operator 
G'(0) has an eigenvalue x + — m > 0 whose corresponding eigenfunctions will 
be constants on R d . Therefore cr(G'(0)) has points in the right half-plane and 
since G"(0) exists, one has, again by [23, Chapter VII], that it* = 0 is unstable, 
i.e. there exists a solution u such that inf \u(x,t)\ > e, for some e > 0, for all 

R d 

x £ and for all t > to = to(e). It is worth noting that, it* = 9 is a locally 
stable solution, see Subsection 3.3 below. 

The natural question arises whether it is possible to characterize some prop¬ 
erties of the solution to (2.1) without comparison between a + and a~ like (3.2). 
For a particular answer, one can refer to [34, Theorem 4.3], namely, there was 
proved that if (3.2) holds on a set fl C of positive Lebesgue measure, and if 
f n (x + a + (x) — cx~a~(x )) dx < m, then ||uo|| < 9 implies ||it(-,f)|| <9,t> 0. 
Remark 3.6. The condition (3.2) is the necessary one to have a comparison 
principle for nonnegative (essentially) bounded by the constant c solutions to 
(2.1), provided that c > 9. To show this, consider, for simplicity, the case 
c = 9. Let the condition (A2) fails in a ball B r (yo) only, r > 0, yo £ R. d , 
i.e. Jg(x) < 0, for a.a. x £ B r (y 0 ), where Jg is given by (3.17). Take any 
V £ B r (y 0 ) with | < \y - y 0 \ < then y 0 £ B^(y) whereas B^(y) C B r (y 0 ). 
Take it 0 € G„b(R d ) such that uq(x) = 9, x £ \ Bi(j/), and u o(x) < 9, 

x € Bii(y). Since f Rd Jg(x) dx = m, one has 


du 

dt 


(yo,0) = -m.9 + >t + (a + *u)(y 0 ,9) -k 9{a *u)(y 0l 0) 
= (Jg * u)(y 0 , 0) - m9 = (Jg * (u 0 - 9))(y 0 ) 


B ii (y) 


Jg(yo ^ x)(u 0 (x) - 9) dx > 0, 


Therefore, u(yo,t ) > u(yo,0) = 9, for small enough t > 0, and hence, the state¬ 
ment of Proposition 3.4 does not hold in this case. The similar counterexample 
may be considered if (3.2) fails, for c > 9. Note that the case c < 9 is again 
unclear. 


3.2 Maximum principle 

The maximum principle is a ‘standard counterpart’ of the comparison principle, 
see e.g. [16]. 

We will present sufficient conditions that solutions to (2.1) never reach at 
positive times the stationary values 9 and 0, provided that the corresponding 
initial conditions were not these constants. Moreover, we will prove the so-called 
strong maximum principle (Theorem 3.9), cf. e.g. [18]. 

Through the rest of the paper we will suppose that (Al), (A2) hold and 
9 > 0 is given by (2.17). Under these assumptions, for any q £ (0,0], one can 
generalize the function (3.17) as follows 


J q (x) : = x + a + (x) — qx a (x), 

> x + a + (x) — 9x~a~(x) >0, x £ 


(3.19) 
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since Oh = h + — m and (A2) holds. 

Definition 3.7. For 0 > 0, given by (2.17), consider the following sets 

Ug := {/ G C ub ^L d ) | 0 < f{x) < 0, x G R d }, (3.20) 

L 0 ■- {/ G L°°(R d ) | 0 < f(x) < 0 , for a.a. * G R d }. (3.21) 

We introduce also the following assumption: 

there exists p,S > 0 such that a + (x) > p , for a.a. x G Bg( 0). (A3) 

Prove that then the solutions to (2.1) (or, equivalently, (2.23)) are strictly 
positive; this is quite common feature of linear parabolic equations, however, in 
general, it may fail for nonlinear ones. 

Proposition 3.8. Let (Al), (A2), (A3) hold. Let Uq G Ug, w 0 ^ 0, w 0 ^ 0, 

be the initial condition to (2.1), and u G Wx, be the corresponding solution. 

Then 

u(x,t) > inf u(y,s)> 0, xGR d ,t> 0. 

ye 

s>0 

Proof. By Theorem 2.2 and Proposition 3.4, 0 < u(x,t) < 0, x G t > 0. 
Then, by (2.23), 

Ou 

— {x, t.) - (. L a +u)(x , t) > 0. (3.22) 

Prove that, under (3.22), u cannot attain its infimum on x (0, oo) without 
being a constant. Indeed, suppose that, for some Xq G R d , to > 0 j 

u(xq, to) < u(x, t), x£R d ,t> 0. (3.23) 


Then, clearly, 

^(*o,to) = 0 ) (3.24) 

and (3.22) yields (L a +u)(x 0 ,t 0 ) < 0. On the other hand, (3.23) and (1.4) imply 
(L a +u)(xo,to) > 0. Therefore, 



(x 0 - y)(u(y,t 0 ) 


u(x 0 ,t 0 )) dy = 0. 


(3.25) 


Then, by (A3), for all y G Bg(x 0 ), 


u(y,t 0 ) = u(x 0 ,t 0 ). (3.26) 

By the same arguments, for an arbitrary x± G dBs( Xq), we obtain (3.26), for all 
y G Bs(x i). Hence, (3.26) holds on B 2 s(x o), and so on. As a result, (3.26) holds, 
for all y G thus u(-, f 0 ) is a constant. Then, considering (2.1) at (xq, to), and 
taking into account (3.24), one gets u(xo,to)(0 — u(xo,to)) = 0 with u(x,to) = 
u(xo,to), x G cf. (2.19). By (3.23), u(x 0 ,t 0 ) = 0 > sup yeRd;S>0 u(y, s) 
implies u = 6 , that contradicts uo ^ 0. Hence u(x,to) = u(xo,to) = 0, x G R d . 
Then, by (2.18), u(x,t) = 0, x G R d , t > to- And now one can consider the 
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reverse time in (2.1) starting from t = to- Namely, we set w(x, t ) := u(x, to — t), 
t G [0,i o ], x € M d . Then w(x, 0) = v(t 0 ) = 0, x € and 

dvo 

x j t) = mw(x, t) — x + (a + * w)(x, t) + x~w(x, t)(a~ * w)(x, t). (3.27) 

The equation (3.27) has a unique classical solution in CyffW 1 ) on [0, to]- Indeed, 
if wi,W2 G X to both solve (3.27), then the difference w 2 — w\ is a solution to 
the following linear equation 

9 ^{x,t) = mh(x, t ) - *r+ (a+ *h)(x, t) 

+ x~h(x, t)(a~ * w 2 )(x, t)x~w\{x, t)(a~ * h)(x, t), 


with h(x, 0) = 0, x G R d . The r.h.s. of (3.28), for any w\,w 2 G X to , is a 
bounded linear operator on C u b(M. d ), therefore, there exists a unique solution 
to (3.28), hence, h = 0. As a result, w\ = w 2 . Since w = 0 satisfies (3.27) with 
the initial condition above, one has u(x,to — t) = 0, t G [0,to]> x G K d . Hence, 
u(-,t) = 0, for all t > 0, that contradicts u 0 ^ 0. Thus, the initial assumption 
was wrong, and (3.23) can not hold. □ 


In contrast to the case of the infimum, the solution to (2.1) may attain its 
supremum but not the value 9. One can prove this under a modified version of 
(A3): suppose that, cf. (3.19), 


there exists p, S > 0, such that 
Jg(x) = x + a + (x) — (>f + — m)a~(x) > p , for a.a. x G 73^(0). 


(A4) 


As a matter of fact, under (A4), a much stronger statement than unattainability 
of 6 does hold. 


Theorem 3.9. Let (Al), (A2), (A4) hold. Let u\,u 2 G be two solutions to 
(2.1), such that ui(x,t) < u 2 (x,t) < 9, x G t > 0. Then either u\(x,t ) = 
u 2 (x,t), x G t > 0 or ui(x,t) < u 2 (x,t), x G t > 0. 

Proof. Let m(x,t) < u 2 (x,t), x G t > 0, and suppose that there exist 
to > 0, Xq G R d , such that ui(xo,to) = ^(^Oi^o)- Define w := u 2 — U\ G X x . 
Then w(x,t) > 0 and w(xo,to) = 0, hence §fUi(xo,to) = 0. Since both U\ and 
u 2 solve (2.1), one easily gets that w satisfies the following linear equation 


—w(x, t) = (Jg * w)(x, t) + x~ {9 — ui(x, t))(a~ * w)(x, t) 

— w(x, t) (m + (a~ * u 2 )(x, t)); (3.29) 

or, at the point (xo,to), we will have 

0 = (Jg* w)(x 0 ,t 0 ) + x~(9- Uilxo, t 0 ))(a~ * w){x 0 ,t 0 ). (3.30) 

Since the both summands in (3.30) are nonnegative, one has (Jg*w)(xo,to) = 0. 
Then, by (A4), we have that w(x,to) = 0, for all x G Bg{x 0 ). Using the same 
arguments as in the proof of Proposition 3.8, one gets that w(x, to) = 0, x G R d . 
Then, by Corollary 2.4, w(x,t) = 0, x G R d , t > to- Finally, one can reverse 
the time in the linear equation (3.29) (cf. the proof of Proposition 3.8), and the 
uniqueness arguments imply that w = 0, i.e. ui(x,t) = u 2 (x,t), x G t > 0. 
The statement is proved. □ 
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By choosing U 2 = 9 in Theorem 3.9, we immediately get the following 

Corollary 3.10. Let (Al), (A2), (A4) hold. Let uq £ Ug, uq ^ 6, be the initial 
condition to (2.1), and u £ X (x, be the corresponding solution. Then u(x,t) < 9, 
x £ t > 0. 

3.3 Further toolkits 

We start with the proof that any solution to (2.1) is locally stable with respect 
to the locally uniform convergence of Definition 2.6, provided that (3.2) holds. 
This stability is very ‘weak’, for example, u* = 0, being unstable solution (see 
Subsection 3.1 above), will be still locally stable. 

Theorem 3.11. Let (Al), (A2) hold. Let T > 0 be fixed. Consider a sequence 
of functions u n £ Xt which are solutions to 2.1 with uniformly bounded initial 
conditions: u n (-, 0) £ Ug, n £ N. Let u £ Xt be a solution to (2.1) with 
initial condition w(-,0) such that u n (-,0) ===> u(-,0). Then u n (-,t ) ==> u(-,t), 
uniformly in t £ [0, T]. 

Proof. It is easily seen that «(•, 0) £ Ug. By Proposition 3.4, u n (-, t) £ Ug, 

neN, for any t > 0. We define, for any n £ N, the following functions on R. d : 

u n {x, 0) := max {u n {x, 0 ),u(x, 0)} , u n (x, 0) := min {u n (x, 0), u(x, 0)} . 

Then, clearly, 0 < u n (x, 0) < u(x, 0) < u n (x, 0) < 9, x £ R d , n £ N. Hence 
the corresponding solutions u n (x,t), u n (x,t) to (2.1) belongs to Ug as well. By 
Theorem 3.4, one has 

u n (x,t) < u(x,t) <u n (x,t), x £ t £ [0,T]. 

In the same way, one gets u n (x, t) < u n {x, t) < u n (x, t ) on R d x [0, T}. Therefore, 
it is enough to prove that u n and u n converge locally uniformly to u. 

Prove that u n ==^ u. For any n £ N, the function h n (-,t) = u n {-,t) — 
u(-,t) £ Ug, t > 0, satisfies the equation §fh n = A n h n with h n fi{x) := 
h n {x, 0) = u n (x, 0) — u(x, 0) > 0, x £ R d , where, for any 0 < h £ Xt, 

A n h := —mh + x + (a + * h) — x~h{a~ * u n ) — x~ u(a~ * h). 

For any u n and u, A n is a bounded linear operator on C u i,(lR <l ), therefore, 
h n (x,t ) = (e tAn h n fi)(x), x £ t £ [0,T]. Since u > 0, one has that, for any 
0 < h £ Xt, ( A n h)(x, t) < ( Ah)(x, t ), x £ t £ [0, T], where a bounded linear 
operator A is given on C u b(K d ) by 

Ah := >r + (a + * h) — x~u{a~ * h). 

Next, the series expansions for e tAlt and e tA converge in the topology of norms of 
operator on the space C u b(K d ). Then, for any n £ N, and for x £ t £ [0, T\, 

°° rpm 

h n (x,t) = (e tAri h n o)(x) < {e TA h n o)(x) = Y] — -A m h n , 0 , (3.31) 

z ' ml 

m =0 
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and, moreover, for any e > 0 one can find M = M (e) £ N, such that we get 
from (3.31) that 


h n (x,t) < — r A m /i n 0 (x) + e6, x G M d , t G [0, T]. (3.32) 

z —' m! 

m—0 

as h n fi £ Ug, n £ N. Finally, the assumptions of the statement yield that 
h n ,o ==> 0. Then, by (3.31) and Lemma 2.7, h. n (x,t) ==^> 0 uniformly in 

t £ [0, T]. Hence, u n => u uniformly on [0,T]. The convergence u n => u 
may be proved by an analogy. □ 

Remark 3.12. An analogous statement holds in the space Xt, T > 0. 

In the case of measurable bounded functions, cf. Remark 3.12, we will need 
also a weaker form of the local stability above. 

Proposition 3.13. Let (Al), (A2) hold. Let T > 0 be fixed. Consider a 
sequence of functions u n £ Xt which are solutions to 2.1 with uniformly bounded 
initial conditions: it„(-,0) £ Lg, n £ N. Let u £ Xt be a solution to 2.1 with 
initial condition u(-,0) such that u n (x,0) — > u(x, 0), for a.a. x £ R d . Then 
u n (x,t) —» u(x,t), for a.a. x £ M 6 *, uniformly in t £ [0,T]. 

Proof. The proof will be fully analogous to that for Theorem 3.11 until the 
inequality (3.32), in which M = M(e, x) now. The rest of the proof is the same, 
taking into account that an analogue of Lemma 2.7 with both convergences 
almost everywhere holds true by the dominated convergence theorem. □ 

In the sequel, it will be useful to consider the solution to (2.1) as a nonlinear 
transformation of the initial condition. 

Definition 3.14. For a fixed T > 0, define the mapping Qt on L“(R d ) := 
{/ £ L°°(R d ) | / > 0 a.e.}, as follows 

( Q T f){x) := u(x, T), x £ R d , (3.33) 

where u(x,t) is the solution to (2.1) with the initial condition u(x, 0) = f(x). 

Let us collect several properties of Qt needed below. 

Proposition 3.15. Let (Al), (A2) hold. The mapping Q = Qt ■ (R d ) —► 
L“(R d ) satisfies the following properties 

(Ql) Q : Lg —> Lg, Q : U$ —> Ug, 

(Q2) let T y : L“(R d ) —> L“(R d ), y £ be a translation operator, given by 

{T y f)(x)=f(x-y), x £ R d ; (3.34) 

then 

(QT y f)(x) = (T y Qf)(x), x,y£R d , (3.35) 

(Q3) Q 0 = 0, Q9 = 9, and Qr > r, for any constant r £ (0, 9), 
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(Q4) if f(x) < g(x), for a.a. x £ K d , then ( Qf)(x ) < ( Qg)(x ), for a.a. x £ R d ; 

(Q5) if f n f, then ( Qf n )(x ) -t ( Qf)(x), for a.a. x £ R d . 

Proof. The property (Ql) follows from Remark 3.5 and Proposition 3.4. To 
prove (Q2) we note that, by (2.3), T y (a ± * u) = a* 1 * ( T y u ), and then, by (2.7), 
B(T y v) = Ty(Bv), therefore, by (2.6), if r = 0 and u T = T y f, then & T T y = 
where 4> is given by (2.6) with / in place of u T only. As a result, 4>”T y = T y 4>” 
hence 

Qr(T y f)= lim 4>?T y / = lim T v <S> n f = T y (Q r . /); 

n—>o o n—>• oo 

and one can continue the same considerations on the next time-interval. The 
property (Q3) is a straightforward consequence of Corollary 2.4; indeed, (2.18) 
implies, for q t := exp(— 6x~T) £ (0,1), 

Q T r-r= 0r -r= r(g ~ r ) (1 ~ ar) > 0. 

r(l — «t) + OctT r(l — cut) + Bolt 

The property (Q4) holds also by Remark 3.5 and Proposition 3.4 The property 
(Q5) is a weaker version of Remark 3.12 and Proposition 3.13. □ 

Let 5 d_1 denotes a unit sphere in R d centered at the origin: 

S' 1 - 1 = {x £WL d | |z| = 1}; (3.36) 

in particular, S' 0 = {—1,1}. 

Definition 3.16. A function / £ L°°(R d ) is said to be increasing (decreasing, 
constant) along the vector £ £ 5' d_1 if, for a.a. x £ R d , the function f(x + s£) = 
(T- a £f)(x) is increasing (decreasing, constant) in set, respectively. 

Proposition 3.17. Let (Al), (A2) hold. Letug £ Lg be the initial condition for 
the equation (2.1) which is increasing (decreasing, constant) along a vector £ £ 
S^ 1 ; and u(-,t) £ Lg, t > 0, be the corresponding solution (cf. Proposition 3.) 
and Remark 3.5). Then, for any t > 0, it(-, t) is increasing (decreasing, constant, 
respectively) along the f. 

Proof. Let uo be decreasing along a £ £ S' d_1 . Take any Si < S 2 and consider 
two initial conditions to (2.1): Ug(x) = uq(x + s*^) = (T_ Si £Uo)(x), i = 1,2. 
Since ug is decreasing, Uq(x) > uf(x), x £ R d . Then, by Proposition 3.15, 

T- Sl tQt.uo QtT— Sl £Ug QtUg QtUg — QtT— S2 ^UQ — T— S2 ^C)tiio, 

that proves the statement. The cases of a decreasing ug can be considered in the 
same way. The constant function along a vector is decreasing and decreasing 
simultaneously. □ 

For the sequel, we need also to show that any solution to (2.1) is bounded 
from below by a solution to the corresponding equation with ‘truncated’ ker¬ 
nels a . Namely, suppose that the conditions (Al), (A2) hold. Consider a 
family of Borel sets {A/j | R > 0}, such that A# R —» oo. Define, for 

any R > 0, the following kernels: 

a^(x) = \/^ R (x)a ± (x), x £ R d , (3.37) 
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and the corresponding ‘truncated’ equation, cf. (2.1), 

(x,t) = (a# *w)(x,t) — mw(x, t) 

— x~w(x,t)(af l * w)(x,t), x £ R d , t > 0, (3.38) 

w(x, 0) = u>o(x), x£R d . 

We set 

A^:= / a ± (x) dx /* 1, R — > oo, (3.39) 

J A b 

by (2.2). Then the non-zero constant solution to (3.38) is equal to 

0 R = * +Ar ~ m -> 0, i? ^ oo, (3.40) 

however, the convergence 0^ to 0 is, in general, not monotonic. Clearly, by (Al), 
Or > 0 if only 


A+>^g(0,1). (3.41) 

Proposition 3.18. Let (Al), (A2) hold, and R > 0 be such that (3.41) holds, 
cf. (3.39). Let wq £ C u b(R d ) be such that 0 < Wo(x) < Or , x £ R d . Then there 
exists the unique solution w £ X x to (3.38), such that 

0 < w(x,t ) < Or, x £ K d , t > 0. (3.42) 

Let u o £ Ug and u £ Xoo be the corresponding solution to (2.1). If wq(x) < 
uo(x),x £ R d , then 

w(x,t) < u(x,t), x £ R d , t > 0. (3.43) 


Proof. Denote AJj :=R d \ A r. We have 


o-o R = 


>c + A-r, — mA„ — + 


m 


+ (! - A r) - (^ + - m )(! ~ A r) 


t A, 


( A, 


=-^ [ (x + a + (x) — (>r + — m)a (x)) dx > 0, 

x~ a r J 

by (A2). Therefore, 


0 < Or < 0. 


(3.44) 


Clearly, (A2) and (3.44) yield 

x + a~ft(x) > Orh-q^x), x £ R d . (3.45) 

Thus one can apply Proposition 3.4 to the equation (3.38) using trivial equalities 
a^(x) = Aftd,ft(x), where the kernels a^(x) = (A^)~ 1 a^(x) are normalized, cf. 
(2.2); and the inequality (3.45) is the corresponding analog of (A2), according 
to (3.40). This proves the existence and uniqueness of the solution to (3.38) and 
the bound (3.42). 
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Next, for F given by (3.1), one gets from (3.37) and (3.38), that the solution 
w to (3.38) satisfies the following equality 

(Fw)(x,t) = -x + a + (y)w(x — y, t) dy 

Ja r 

+ *c~w{x,t) / oT {y)w{x — y,t) dy. (3.46) 

J a r 

By (3.42), (3.44), (A2), one gets from (3.46) that 

(Fw)(x, t) < — x + / a + (y)w(x — y,t) dy + 9 / a~ (y)w(x — y,t) dy 

Ja °r ' Ja r 

< 0 = ( Fu)(x , t), 

where u is the solution to (2.1). Therefore, we may apply Theorem 3.1 to get 
the statement. □ 

Remark 3.19. The statements of Proposition 3.18 remains true for the functions 
from L°°(M. d ) (the inequalities will hold a.e. only). 

4 Traveling waves 

Traveling waves were studied intensively for the original Fisher-KPP equation 
(1.6), see e.g. [6,11,48]; for locally nonlinear equation with nonlocal diffusion 
(1.11), see e.g. [18,76,87]; and for nonlocal nonlinear equation with local diffusion 
(1.9), see e.g. [3,7,50,63]. 

Through this section we will mainly work in /.—setting, see Remarks 2.3, 
3.2, 3.5, 3.12 above. Recall that we will always assume that (Al) and (A2) hold, 
and 9 > 0 is given by (2.17). 

Let us give a brief overview for the results of this Section. First, we will show 
(Proposition 4.4) that the study of a traveling wave solution to the equation (2.1) 
in a direction £ £ S^ -1 (cf. Definition 4.3 below) may be reduced to the study 
of the corresponding one-dimensional equation (4.4), whose kernels are given 
by (4.6). The existence and properties of the traveling wave solutions will be 
considered under the so-called Mollison condition (4.10), cf. e.g. [2,10,18,21, 
61,62]. Namely, in Theorem 4.9 we will prove that, for any £ £ S d ~ 1 , there 
exists c*(£) £ R, such that, for any c > c*(£), there exists a traveling wave 
with the speed c, and, for any c < c*(£), such a traveling wave does not exist. 
Moreover, we will find an expression for c*(£), see (4.79). We will that the 
profile of a traveling wave with a non-zero speed is smooth, whereas the zero- 
speed traveling wave (provided it exists, i.e. if c*(£) < 0) has a continuous profile 
(Proposition 4.11, Corollary 4.12). In Theorem 4.23, we will show a connection 
between traveling wave speeds and the corresponding profiles. Next, using the 
Ikehara-Delange-type Tauberian theorem (Proposition 4.28), we will find the 
exact asymptotic of a decaying traveling wave profile at +oo (Proposition 4.31). 
This will allow us to prove the uniqueness (up to shifts) of a traveling wave wave 
profile with a given speed c > c*(£) (Theorem 4.33). 
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4.1 Existence and properties of traveling waves 

Definition 4.1. Let Ate(K) denote the set of all decreasing and right-continuous 
functions / : R —> [0, 9\. 

Remark 4.2. There is a natural embedding of A4e(R) into L°°(R). According 
to this, for a function / £ L°°( M), the inclusion / £ A4e(K) means that there 
exists g £ A4e(R), such that / = g a.s. on R. 

Definition 4.3. Let X^ := A’ oo nC' 1 ((0, oo) —> L°°(M. d )). A function u £ X ^ is 
said to be a traveling wave solution to the equation (2.1) with a speed c £ R and 
in a direction £ £ S ' d_1 if and only if (iff, in the sequel) there exists a function 
ip € A4g(R), such that 

ip(— oo) = 0, tp(- |-oo) = 0 , 

u{x,t) = ip(x ■ £ — ct), t> 0, a.a. x £ R . 

Here and below S ^ -1 is defined by (3.36) and x ■ y = (x,y)^d is the scalar 
product in R d . The function ip is said to be the profile for the traveling wave, 
whereas c is its speed. 

We will use some ideas and results from [87]. 

To study traveling wave solutions to (2.1), it is natural to consider the cor¬ 
responding initial conditions of the form 

u 0 (x)=ip(x-£), (4.2) 

for some £ £ S d ~ l , ip £ A4g(R). Then the solutions will have a special form as 
well, namely, the following proposition holds. 

Proposition 4.4. Let £ £ 5' d— 1 , ip £ A4e(®), and an initial condition to (2.1) 
be given by uo(x ) = ip(x ■ £), a.a. x £ R d ; let also u € A+ be the corresponding 
solution. Then there exist a function i):Rx R + —> [0,0], such that <p(-,t) £ 
Af^R); for any t > 0, and 

u(x,t) = (p{x ■ £,f), t > 0, a.a. x € R d . (4.3) 

Moreover, there exist functions a ^ (depending on f) on R with 0 < af 1 £ 
L 1 (R), / a^s) ds = 1, such thatcp is a solution to the following one-dimensional 
version of ( 2 . 1 ): 

( (ySj *) = (“ + * ^ ( S ’ *) - TO< ^ S > ^ 

(p(s,t){a~ * (p)(s,t), t > 0, a.a. s £ R, (4-4) 

[<p(s, 0) = ip(s), a.a. s £ R. 

Proof. Choose any 77 £ 1 which is orthogonal to the £. Then the initial 

condition uq is constant along 77 , indeed, for any seR, 

uq[x + srf) = ip((x + sg) • £) = ip(x ■ £) = uq(x), a.a. x £ R d . 

Then, by Proposition 3.17, for any fixed t > 0, the solution u(-,t) is constant 
along 77 as well. Next, for any r £ R, there exists x £ R d such that x ■ f — r; 
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and, clearly, if y • £ = r then y = x + sy, for some seK and some 77 as above. 
Therefore, if we just set, for a.a. x G R d , 4>{r,t) := u(x,t), t> 0, this definition 
will be correct a.e. in t G I; and it will give (4.3). Next, for a.a. fixed x £ 
uo(x + s£) = 4>(x ■ £ + s) is decreasing in s, therefore, uq is decreasing along the 
£, and by Proposition 3.17, t > 0, will be decreasing along the £ as well. 

The latter means that, for any si < S 2 , we have, by (4.3), 

(j>{x ■ £ + si, t) = u(x + s i£, t) > u(x + s 2 ^, t) = <j>{x ■ £ + s 2 , t), 

and one can choose in the previous any x which is orthogonal to £ to prove that 
(j) is decreasing in the first coordinate. 

To prove the second statement, for d > 2 , choose any {771, 772, ..., yd - 1} C 
S d ~ l which form a complement of | G 5 ' d_1 to an orthonormal basis in R d . 
Then, for a.a. x G R d , with x = ]T J=1 T jVj + ri,..., T d -i, s G K, we have 
(using an analogous expansion of y inside the integral below an taking into 
account that any linear transformation of orthonormal bases preserves volumes) 


(a ± *u)(x,t)= [ a ± (y)u(x — y, t)dy 

Jw d 

= [ a± (^Z T 'w + s '^) u + (s - s')Z, t) dr[... dr'^ds' 

Jr* \ j=1 J \ j=1 J 

-- (^J Rdl a± dT i ■ ■ ■ dT 'd-i^j u (( s - s ')t t) ds, (4.5) 


where we used again Proposition 3.17 to show that u is constant along the vector 
77 = i( T j — T 'j)Vj which is orthogonal to the £. 

Therefore, one can set 


d ± (s) 



(n? 7 i + ... + T d — 1 Tj d — 1 + s£) dr\... dr d _ 1 , 


d > 2, 

(4.6) 

d= 1. 


It is easily seen that a ± = a± does not depend on the choice of y \,..., y d -\, 
which constitute a basis in the space := {x G R d | x ■£ = 0} = {£} x . Note 
that, clearly, 


[ d ± (s)ds= [ a ± {y) dy = 1. (4.7) 

Jr. JR d 

Next, by (4.3), u((s — s')£, t) = <j>(s — s', t), therefore, (4.5) may be rewritten as 


(a ± * u){x, t) 


a ^ (s')<p(s — s', t) ds' =: (a/^ * (f>){s, t), 


where s = x ■ £. The rest of the proof is obvious now. □ 

Remark 4.5. Let £ G be fixed and a* be defined by (4.6). Let <j> be a 

traveling wave solution to the equation (4.4) (in the sense of Definition 4.3, for 
d = 1) in the direction 1 G S° = { — 1,1}, with a profile if) G A4e(ffi) and a speed 
cGK. Then the function u given by 

u(x, t) = i/j(x ■ £ — ct) = ip(s — ct) = <j)(s, t ), (4-8) 
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for x £ R d , t > 0, s = x ■ £ £ R, is a traveling wave solution to (2.1) in the 
direction £, with the profile ip and the speed c. 

Remark 4.6. One can realize all previous considerations for increasing traveling 
wave, increasing solution along a vector £ etc. Indeed, it is easily seen that 
the function u(x,t) = u(—x,t) with the initial condition uq(x) = uq(—x) is a 
solution to the equation (2.1) with replaced by a ± (a;) = a ± (—x); note that 
(a* * u)(—x, t) = (i a ± * u)(x, t). 

Remark 4.7. It is a straightforward application of (3.35), that if ip £ A4g(R), 
ceR gets (4.1) then, for any s £ R, ip(- + s) is a traveling wave to (2.1) with 
the same c. 

We will need also the following simple statement. 

Proposition 4.8. Let (Al), (A2) hold and £ £ S' 1-1 be fixed. Define, for an 
arbitrary T > 0, the mapping Qt • L°°(R) — > L°°(R) as follows: QtiP(s) = 
<p(s,T), s £ R, where <p : R x R + —> [0,0] solves (4.4) with 0 < ip £ Zq?(R). 
Then such a Qt is well-defined, satisfies all properties of Proposition 3.15 (with 
d = 1), and, moreover, Qt(A4s(K)) C A4e(K). 

Proof. Consider one-dimensional equation (4.4), where aP are given by (4.6). 
The latter equality together with (A2) imply that 

x + a + (s) > (>r + — m)a“(s), a.a. s £ R. (4.9) 

Therefore, all previous results (e.g. Theorem 2.2) hold true for the solution 
to (4.4) as well. In particular, all statements of Proposition 3.15 hold true, 
for Q = Qt, d = 1. Moreover, by the proof of Theorem 2.2 (in the L°°- case, 
cf. Remark 2.3), since the mappings B and $ T , cf. (2.7), (2.6), map the set 
A4e(R) into itself, we have that Qt has this property as well, cf. Remark 4.2. □ 

Now we are going to prove the existence of the traveling wave solution to 
(2.1). Denote, for any A > 0, £ £ S' d_1 , 

n^(A) := f a + (x)e Xx dx £ [0, oo]. (4-10) 

jR d 

For a given £ £ S^ 1 2 , consider the following assumption on a + : 

there exists p = p(f) > 0 such that a^(p) < oo. (A5) 

Theorem 4.9. Let (Al) and (A2) hold and £ £ S d ^ x be fixed. Suppose also 
that (A5) holds. Then there exists c*(£) £ R such that 

1) for any c > c*(£), there exists a traveling wave solution, in the sense of 
Definition 4-3, with a profile ip £ A4@(R) and the speed c, 

2) for any c < c*(£), such a traveling wave does not exist. 

Proof. Let p > 0 be such that (A5) holds. Then, by (4.6), 


a + (s)e MS ds 


(titji + ... + Td-Vld-i + sf)e^ s dn ... dr d -ids 


= a^(p) < oo. 


(4.11) 


33 



Clearly, the integral equality in (4.11) holds true for any A G K as well, with 
a«(A) e [0, oo]. 

Let f-i > 0 be such that (A5) holds. Define a function from A4e(R) by 

f(s) := (9min{e _Als , 1}. (4-12) 

Let us prove that there exists cel such that 4>{s,t) := f{s — ct) is a super¬ 
solution to (4.4), i.e. 

T4>(s, t) > 0, s£l,f>0, (4-13) 

where T is given by (3.1) (in the case d = 1). We have 

(J"0)(s, t) = —o f'{s — ct) — x + {a + * f){s — ct) + mf{s — ct) 

+ x~ip{s — ct)(a~ * ip)(s — ct), 

hence, to prove (4.13), it is enough to show that, for all set, 

Jc{s) := cip'(s) + x + (a + * </?)(s) — rmp{s) — x~ip(s)(a~ * f){s) < 0. (4.14) 

By (4.12), (4.9), for s < 0, we have 

J c {s) = x + {a + *ip){s) — m9—x~ 9{a~ *ip){s) < {{x + a—x~9a~)*9){s)—m9 = 0. 
Next, by (4.12), 


(a + *y>)(s )<0 f a + (r)e ^ s ^ dr = Oe ps ac(/u), 

Jr 

therefore, for s > 0 , we have 


Jc(s) < —\ic9e ps + x + 9e MS a^(/r) — m9e ^ s ; 
and to get (4.14) it is enough to demand that x + a^{f)—m—/ic < 0, in particular, 

e= >C<■,(„)-m (415) 


As a result, for <j){s, t) = ip{s — ct) with c given by (4.15), we have 

JF<j> > 0 = T(Q t (p), (4.16) 

as Q t f is a solution to (4.4). Then, by (A2) and the inequality 4> < 9, one can 
apply Proposition 3.3 and get that 

Qtf (s') < <t>{t,s') = ip {s' — ct), a.a. s' € R, 

where c is given by (4.15); note that, by (4.12), for any s £ R, the function 
< p(s,t) is absolutely continuous in t. In particular, for t = 1, s' = s + c, we will 
have 


Qif{s + c) < f{s), a.a. s € R. (4-17) 

And now one can apply [87, Theorem 5] which states that, if there exists a 
flow of abstract mappings Qt, each of them maps A4@(R) into itself and has 
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properties (Q1)-(Q5) of Proposition 3.15, and if, for some t (e.g. t = 1), for 
some cel, and for some <p £ A4g(R), the inequality (4.17) holds, then there 
exists ip £ A4e(R) such that, for any t > 0, 

{Q t ip){s + ct) = ip(s), a.a. s £ I, (4-18) 

that yields the solution to (4.4) in the form (4.8), and hence, by Remark 4.5, we 
will get the existence of a solution to (2.1) in the form (4.1). It is worth noting 
that, in [87], the results were obtained for increasing functions. By Remark 4.6, 
the same results do hold for decreasing functions needed for our settings. 

Next, by [87, Theorem 6 ], there exists c* = c*(£) £ (— 00 , 00 ] such that, for 
any c > c*, there exists ip = ip c £ A4e(R) such that (4.18) holds, and for any 
c < c* such a ip does not exist. Since for c given by (4.15) such a ip exists, we 
have that c* < c < 00 , moreover, one can take any p, in (4.15) for that (A5) 
holds. Therefore, 


c* < inf 

A>0 


x + a^(X) — m 
A 


(4.19) 


The statement is proved. □ 

Remark 4.10. It can be seen from the proof above that we didn’t use the special 
form (4.12) of the function ip after the inequality (4.16). Therefore, if a function 
fi £ A4g(R) is such that the function fp(s,t) := f\ (s — ct), s £ R, t > 0, 
is a super-solution to (4.4), for some c £ R, i.e. if (4.13) holds, then there 
exists a traveling wave solution to (4.4), and hence to (2.1), with some profile 
ip £ A4e(K) and the same speed c. 

Next two statements describe the properties of a traveling wave solution. 

Proposition 4.11. Let ip £ A4e(R) and c £ R be such that there exists a 
solution u £ X^ to the equation (2.1) such that (4.1) holds, for some t; £ M -1 . 
Then ip £ C 1 (K —> [0,0]), for c 7 ^ 0, and r ip £ C(R —► [0,0]), otherwise. 

Proof. The condition (4.1) implies (4.2) for the £ £ M -1 . Then, by Propo¬ 
sition 4.4, there exists tp given by (4.3) which solves (4.4); moreover, by Re¬ 
mark 4.5, (4.8) holds. 

Let c / 0. It is well-known that any monotone function is differentiable 
almost everywhere. Prove first that ip is differentiable everywhere on R. Fix any 
So £ R. It follows directly from Proposition 4.4, that (p £ C 1 ((0,oo) — ► L°°(R)). 
Therefore, for any 1 0 > 0 and for any e > 0, there exists 5 = S(t. o,e) > 0 such 
that, for all t £ R with |ct| < <5 and t 0 +1. > 0, the following inequalities hold, 
for a.a. s £ R, 


d(p <p(s,t 0 + t) - (p(s,t 0 ) 

» (M " ) - e< - 1 - 


dtp 

< ^0) + e i 


dtp 

~dt 


(Mo) - £ < tt(Mo +*) < 

dt 


dtp 

dt 


(Mo) +£• 


(4.20) 

(4.21) 


Set, for the simplicity of notations, Xo = Sq + cto. Take any 0 < h < 1 with 
2 h < min{<5, |c|<o, |c|<5}. Since ip is a decreasing function, one has, for almost all 
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s G (a: 0 ,xo + h 2 ), 


V>(so + h) — V’(so) , ip{s — ct 0 + h — h 2 ) — 4>(s - ct 0 ) 


< 


</>(s, to + t hr A ) - </>(s, to) h 2 - h 


h 2 -h 


dcj) 


c h 


h- 1 


(4.22) 


by (4.20) with t = - note that then |cf| = h — h 2 < h < < 5 , and to +1 > 0 
(the latter holds, for c < 0, because of f 0 + t > to then; and, for c > 0, it is 
equivalent to cto > — ct = h — h 2 , that follows from h < cto). Stress, that, in 
(4.22), one needs to choose —e, for c > 0, and +£, for c < 0, according to the 
left and right inequalities in (4.20), correspondingly. 

Similarly, for almost all s G (a’o — Ji 2 ,Xq), one has 


ip(s 0 + h) - tp(so) 4>{s - ct 0 + h + h 2 ) - ip(s - ct 0 ) 


> 


</>(s, to - t^th) - to) h 2 + h 


h 2 + h 


—ch 


> 


d(j) 

dt 


( s,t 0 )±e 


h + 1 
—c 


(4.23) 


where we take again the upper sign, for c > 0 , and the lower sign, for c < 0 ; 
note also that h + h 2 < 2h < S. Next, one needs to ‘shift’ values of s in (4.23) 
to get them the same as in (4.22). To do this note that, by (4.8), 

/ h 2 \ 

(f>ys + h 2 ,to -\ — —j=(j>(s,to), a.a. s G R d . (4.24) 

As a result, 

(a* * <j>) (s + h 2 , t 0 + —) = [ a ± (s , ) < ()(s - s' + h 2 , t 0 + — ) ds 

v c ) Jr V c / (4.25) 

= (a ± * </>)(s, to), a.a. s G 
Then, by (4.4), (4.24), (4.25), one gets 

+ h 2 ,t 0 + = J^(s,i 0 ), a.a. s G K d . (4.26) 

Therefore, by (4.26), one gets from (4.23) that, for almost all s G ( xq,Xq + h 2 ), 
cf. (4.22), 


h \ot V c / ) -c 

and, since |^-| < 5, one can apply the right and left inequalities in (4.21), for 
c > 0 and c < 0 , correspondingly, to continue the estimate 

>(g(M 0 ) ± 2 e )t±i. (427) 
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Combining (4.22) and (4.27), we obtain 


d(t> ) h . + 1 ip(s 0 + h) - ip(s 0 ) 

esssup — (s,t 0 ) ± 2s -< - - - 

, s€(x 0 ,x 0 + h 2 ) Ot I C h 


< [ esssup Fe) (4.28) 


,se(x 0 ,x 0 +h 2 ) 


For fixed So €E R, to > 0 and for xq = So + cfo, the function 

dcj) 

f(h) := esssup -Rs,f 0 ), h £ (0,1) 


s£(xo,xo+h. 2 ) 


dt 


is bounded, as \f(h)\ < ||^(-,to)|| < oo, and monotone; hence there exists 

/ = lim f(h). As a result, for small enough h, (4.28) yields 
h >o • 


(/ ± 2s) - £ < 

—c 


4>(so + h)~ tp(s 0 ) 


< (/ 1 F e) -b e, 

c 


and, therefore, there exists ^(so+) = —In 

Os _ c 

that there exists s^-(so-) = ——, and, therefore, 
os c 

result, ip is differentiable (and hence continuous) 
Next, for any Si, s 2 , h £ R, we have 


the same way, one can prove 

ip is differentiable at so- As a 
on the whole R. 


ip(si + h) - ip(si) ip(s 2 + h) - ip(s 2 ) 


h 


h 


(p{si + ct 0 , to - y) - (p(si + ct 0 , t 0 ) 

_ h 

c 

4>{s\ + cto, to + 51 C S2 ~ “) — <p(s 1 + cto, to + Sl C S2 ) 


and if we pass h to 0 , we get 


IR(si) - $'(s 2 )\ = j^j- 

1 

- R 


d 


d 


— 0 (si + ct 0 , ^o) — 51 c ^ 0 ’ 

^ At f \ d ,f , , Sl-S 2 


Si - S 2 


to ■ 


(4.29) 


And now, by the continuity of J \<j>(-,t) in t in the sense of the norm in L°°( R), 
we have that, by (4.21), the inequality |si — s 2 | < |c|<5 implies that, by (4.29), 

IR(si) - R(s 2 )| < ^£. 

As a result, 'ip'(s) is uniformly continuous on R and hence continuous. 

Finally, consider the case c = 0. Then (4.8) implies that (p(s,t) must be 
constant in time, i.e. <p(s,t) = ip(s), for a.a. s £ R. Thus one can rewrite (4.4) 
as follows 


x + (a + * ip)(s) — mip(s) — m: ip(s)(a *ip)(s) = 0, (4.30) 
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or, equivalently, 


V’(s) 


x + (a + * ip)(s) 
in + K~(a~ * ip){s) 


(4.31) 


Since ip £ L°°(R), then, by Lemma 2.1, the r.h.s. of (4.31) is a continuous in s 
function, and hence ip £ C(R). □ 

Let u £ Xf. be a traveling wave solution to (2.1), in the sense of Defini¬ 
tion 4.3, with a profile ip £ A4g(R) and a speed cel. Then, by Remark 4.5 
and Proposition 4.11, for any c ^ 0, one can differentiate ip(s — ct) in t > 0. 
Thus (cf. also Lemma 2.1) we get 


cip'(s) + x + (a + * ip)(s) — mip(s) — x ip(s)(a *ip)(s) = 0, s £ R. (4.32) 


For c = 0, one has (4.30), i.e. (4.32) holds in this case as well. 

Let k £ N U {oo} and Cp(WL) denote the class of all functions on R which are 
k times differentiable and whose derivatives (up to the order k) are continuous 
and bounded on R. 


Corollary 4.12. In conditions and notations of Proposition f.ll, for any speed 
0, the profile ip £ C£°(R). 

Proof. By Lemma 2.1, a ± *ip £ Cj,(R). Then (4.32) yields ip’ £ C{,(R), i.e. ip £ 
Cp (R). By e.g. [74, Proposition 5.4.1], a ± *ip £ Cp (R) and (cr * 1 * ip)' = aJ 1 * ip 1 , 
therefore, the equality (4.32) holds with ip’ replaced by ip” and ip replaced by 
ip 1 . Then, by the same arguments ip £ C'j(R), and so on. The statement is 
proved. □ 


Proposition 4.13. In conditions and notations of Proposition f.ll, ip is a 
strictly decaying function, for any speed c. 

Proof. Let cgRbe the speed of a traveling wave with a profile ip £ A4g(R) in 
a direction £ £ S' 1-1 . By Proposition 4.11, ip £ C(R). Suppose that ip is not 
strictly decaying, then there exists 5o > 0 and so £ R, such that ip(s) = ip(so), 
for all |s — Sol < §o- Take any S £ (0, Pf), and consider the function ip s (s) := 
ip(s + (5). Clearly, ip s (s) < ip(s), s £ R. By Remark 4.7, ip s is a profile for a 
traveling wave with the same speed c. Therefore, one has two solutions to (2.1): 
u(x,t) = ip(x ■ £ — ct) and u s (x,t) = tp 6 {x • £ — ct) and hence u(x,t) < u s (x,t), 
x £ R d , t > 0. By the maximum principle, see Theorem 3.9, either u = u s , 
that contradicts <5 > 0 or u(x,t) < u 5 (x,t), x £ R d , t > 0. The latter, however, 
contradicts the equality u(x,t) = u s (x,t), which holds e.g. if x ■ £ — ct = ,Sq. 
Hence ip is a strictly decaying function. □ 

Under assumptions (Al) and (A2), define the following function, cf. (3.19), 

J v (s) := x + a + (s) — vk~ a~ (s), sGR,uG(0, Q\. (4.33) 

Then, by (4.9), 

J v (s) > Je(s) > 0, sGR,uG(0 , 9], 

Proposition 4.14. Let (Al) and (A2) hold. Then, in the conditions and no¬ 
tations of Proposition f.ll, there exists p = n(c,a + , x~ ,6) > 0 such that 

f ip(s)e” s ds < oo. 

Jr 
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Proof. At first, we prove that if £ L 1 (M + ). Let v £ (0 ,9) and J v (s) > 0, s £ M. 
be given by (4.33). Since f R J v (s) ds = >A — vk~ > m, one can choose Rq > 0, 
such that 

rRo 

/ J v (s) ds = m. 

J-R 0 

(4.34) 

We rewrite (4.32) as follows 


cip'(s) + (J v * V’)( s ) + ( v ~ V’( s )) * t/0( s ) — mtp(s) = 0, 

seK. (4.35) 

Fix arbitrary ro > 0, such that 


ip(r 0 ) < v. 

(4.36) 

Let r > ro + i?o- Integrate (4.35) over [r 0 ,r]; one gets 


c{tp{r) - ip{r 0 )) + A + B = 0, 

(4.37) 


where 


A := (J„ * V0( s ) ds — m / ip(s)ds, 

Jr 0 Jr 0 

B := / (v — ip(s))(d~ * V’)( s ) ds. 

J rn 


By (4.33), (4.34), one has 
pr r R 0 

A > 


J v (t)iP(s — r)drds — m / ds 


'To J-Ro 
rRo 

/ Mr) 

l-Ro 

rRo 


ds — 'ip(s) ds ) dr 


Jv{t) 


10 


’ Tq — T 

pro 

I 'ip(s) ds — I 'ip(s) ds ) dr 

r 0 -r 

'V—T 


/ r—T 


l-Ro 


Jv{t) 


r r 0 -T 


ip(s) ds — 


il>{s) ds dr 


(4.38) 


and since if) is a decreasing function and r — Rq > tq, we have from (4.38), that 

pRo ^ pO 

A > {if>(r 0 ) - 4>{r - R 0 )) / tJ v (t) dr + + R 0 ) - i>(r Q )) / (-r)J L ,(r)dr 


i-Ro 


>-9 (—t)J v (t) dr =: -9J V: r 0 . 

J-R 0 


(4.39) 


Next, (4.36) and monotonicity of imply 

B > x~ [v — V’( r o)) f {a~ * il>)(s) ds. (4.40) 

J r 0 

Then, by (4.37), (4.39), (4.40), (4.36), one gets 

0 < x~(v - tp(r 0 )) [ (a~ *ip)(s) ds < dJ VtRo + c(-ip(r 0 ) - i/j(r)) 

-t 0Jv,Ro + cip(ro) <oo, r -> oo, 


’TO 
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therefore, a~ *i/j £ L 1 (K + ). Finally, (4.7) implies that there exist a measurable 
bounded set AcK, with m(A) := f A ds £ (0, oo), and a constant /i > 0, such 
that d~(r) > \x, for a.a. r £ A. Let S = inf A £ R. Then, for any sel, one 
has 

{a,-*ip)(s)> / a~— t) dr > nip(s — 5)m( A). 

J A 

Therefore x/’ € L 1 (K+). 

For any N £ N, we define <Pn{s) := 1(-oo,jv)(s) + e _A ^ s_Jv ^l[jv,oo)( s )) where 
A > 0. By the proved above, a ± * V* € ZA(R+) D L°°(R) hence, by (4.32), 
cip' £ L 1 )!^) fl L°°(R). Therefore, all terms of (4.32) being multiplied on 
e Xs ipN(s) are integrable over R. After this integration, (4.32) will be read as 
follows 


h + 1-2 + h = 0 , 

where (recall that x~9 — >c + = —to) 


(4.41) 


h :=c f 'ip'(s)e Xs ^p N (s)ds, 

Jr 

/ 2 := [ ((a + 

Jr 

/ 3 := f ^{s){6 - (a~ ^ ^){s))e Xs ip N {s) ds 

Jr 


We estimate now i), I 2 , As from below. 
We start with / 2 . One can write 


f (a + * ip)(s)e Xs (fiN{s) ds = f f a + (s — T)'i/>(r)e As < y 9iv(s) drds 

Jr Jr Jr 


> 


a + (s)e Xs <pN(T + s) ds e AT ^(r) dr 
f ( f a + (s)e Xs ds\(fiN{T + i?)e AT ^(r) dr, 

Jr \J — OO / 


(4.42) 


for any i? > 0, as ip is nonincreasing. By (4.7), one can choose R > 0 such that 

f a + (r) dr > 1 — ~~r~- 


By continuity arguments, there exists v > 0 such that, for any 0 < A < v, 


\ R 


J d + {r)e XT dT > (l - 

Therefore, combining (4.42) and (4.43), we get 

h > f (l - ^-^-)e XR (pi\ j{t + R)e XT ij}{T) dr - f ijj(s)e Xs ipN(s) ds 

Jr x 4 / J R 

= j (l- —-^-'j<p N ('r)e XT ip(T - R)dr - J ip(s)e Xs ip N (s) ds 

[ ip{s)e Xs ip N {s) ds, 


(4.43) 


> -- 


(4.44) 
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as i/j(t — R) > ■0(t), t € R, R > 0. 

Now we estimate I3. By (4.1), it is easily seen that the function (a - * ?/>)(s) 
decreases monotonically to 0 as s —> 00 . Suppose additionally that R > 0 above 
is such that 

Q 

(d~ * V)(s) < s>R. 

Then, one gets 

h>^j ip(s)e Xs tp N {s)ds+ ip(s)(8-(a~ * ip)(s))e Xs ip N (s) ds 

z Jr .7-oo 

0 f°° 

> x / tp(s)e Xs <p N (s)ds, 
z Jr 

as ip > 0, ifiN > 0, (a - * XX s ) < 0. 

It remains to estimate I\ (in the case c X 0). Since lim ip(s)e Xs (pN(s) = 0, 

£—>■±00 

we have from the inntegration by parts formula, that 

Ii = -c ip(s)(\ip N (s) + tp' N (s))e Xs ds. 

Js. 

For c > 0, one can use that <p' N (s) < 0, s € R, and hence 

Ji > —cA I il>(s)<pN(s)e Xs ds. 

J R 

For c < 0, we use that, by the definition of ifiN, A</?at(s) + <p' N {s) = 0, s > iV; 
therefore, 


/■AT 

I\ = —cA / ip(s) ds > 0. (4.45) 

J —O O 

Therefore, combining (4.44)-(4.45), we get from (4.41), that 


0 > — Ac f ^(s)(pN(s)e Xs ds -—- f i/j(s)e Xs (p]y(s) ds 

Jr 4 J R 

yr~f) 

+ —- ip(s)e Xs ip N {s)ds, 

J R 

where c = max{c, 0}. 

The latter inequality can be easily rewritten as 

( — -J- — Ac) J tp(s)e Xs ipN(s) ds < + Ac) J tp(s)ipN{s)e Xs ds 

— (~4~ “+Ac)0 f e Xs ds =: I\,r < oo, (4.46) 

for any 0 < A < v. 

Take now /r < min{X, Xr^ }, f° r c > 0, and /i < v. otherwise. Then, by 
(4.46), for any N > R, one get 

/x~9 _\-i [°° r N 

oo > ^ —-/zcj In,R> / ip(s)e^ s ip N (s) ds > / X(s)e MS ds, 
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thus, 


p pR poo 

/ ip(s)e IJ ' s ds = j ip(s)e IJ ' s ds + ip(s)e ,J ' s ds 
J r J —oo Jr 

f R fx~Q \ 1 

<6 e MS ds + - pc) <oo, 


that gets the statement. 


□ 


4.2 Speed and profile of a traveling wave 

Through this subsection we will suppose, additionally to (Al) and (A2), that 

a + G L°°(M d ). (A 6 ) 

Clearly, (A2) and (A 6 ) imply a~ G L°°(IR d ). 

Remark 4.15. All further statements remain true if we change (A 6 ) on the 
condition a + G L°°(W), where a + is given by (4.6); evidently, the latter condition 
is, for d > 2 , weaker than (A 6 ). 

Let £ G S d ~ 1 be fixed and (A5) hold. Assume also that 


/ \x • £| a + (x) dx < oo. 

Jwi d 

Under assumption (A7), we define 

:= / x ■ £ a + (x) dx. 

J R d 

Suppose also, that the following modification of (A3) holds: 

there exist r = r(£) > 0, p = p(£) > 0, 6 = <5(£) > 0, such that 
a + (x) > p , for a.a. x G Bg(r£). 


(A7) 


(4.47) 


(AS) 


For an / G L c 
Chapter VI]: 


), let £/ be a bilateral-type Laplace transform of /, cf. [84, 


(£f)(z) = [ f(s)e zs ds, Re z > 0. 
Jr 


(4.48) 


We collect several results about £ in the following lemma. 

Lemma 4.16. Let f G 

(LI) There exists Ao(/) G [0, oo] such that the integral (4.48) converges in the 
strip {0 < Rez < Ao(/)} (provided that Ao(/) > Cf) and diverges in the 
half plane {Rez > Ao(/)} (provided that Ao (/) < oo). 

(L2) Let Ao(/) > 0. Then ( £/)(z) is analytic in {0 < Rez < Ao(/)}, and, for 
any nGN, 

d n /' 

— (£/)(z)= / e zs s n f(s) ds, 0 < Rez < A 0 (/). 

az JR 
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(L3) Let f > 0 a.e. and 0 < Ao(/) < oo. Then (£f)(z) has a singularity at 
z = Ao(/)• In particular, £/ has not an analytic extension to a strip 
0 < R ez <v, with v > Ao (/). 

(L4) Let f := fj G L°°(R), /(oo) = 0, and A 0 (f) > 0. Then A 0 (/) > A 0 (/') 
and, /or any 0 < Rex < Ao(/'), 

(£/')(*) = -*(£/)(*)• (4-49) 

(L5) Lei g G L°°(]R) D L 1 )!!) and Ao(/) > 0, Ao(<?) > 0. TTien Ao(/ * <?) > 
min{A 0 (/), A 0 («/)} and, for anyO<Rez< min{A 0 (/), A 0 (p)}, 

{£(f*g))(z) = (£f)(z)(£g)(z) (4.50) 

(L6) Lei 0 < / G L 1 )!!) n L°°(R) and Ao(/) > 0. Then lim (£/)( A) = 

A->0+ 

Jr/( s ) ds. 

(L7) Lei / > 0, Ao(/) G (0, oo) and A := / R /(s)e A °^ s ds < oo. LTien 

lim (£/)( A) = A. 

A->A 0 (/)— ' 

(L8) Lei / > 0 6e decreasing on R, and iei Ao(/) > 0. Then, for any 0 < A < 

Ao(/), 


/( s ) < -^ ? (£/)(A)e- As , s G R. (4.51) 

e A — 1 

Moreover, for any 0 < <7 G L°°(R) n L 1 )®), Ao(g) > 0, 

Ao (f(g*f)) > A 0 (/) + min{A 0 (ff),A 0 (/)}. (4.52) 

Proof. We can rewrite £ = £ + + £“, where 

(£, ± f)(z)=[ f(s)e zs ds , Re 2 > 0, 

JR ± 

M + = [0, 00 ), M_ = ( 00 ,0]. Let £ denote the classical (unilateral) Laplace 
transform: 

(£f)(z)= f f(s)e~ zs ds, 

./R+ 

and ( 0 (/) be its abscissa of convergence (see details, e.g. in [84, Chapter II]). 
Then, clearly, (£,+ f)(z) = (Cf)(-z), (£~ f)(z) = (£f~)(z), where f~(s) = 
f(~s), s G R. As a result, A 0 (/) = — [ 0 (/)- 

It is easily seen that, for / G L°°(R), lo(/ _ ) < 0, in particular,the function 
(£“ f)(z) is analytic on Re 2 > 0. 

Therefore, the properties (L1)-(L3) are direct consequences of [84, Theorems 
II.1, II.5a, II.5b], respectively. The property (L4) may be easily derived from [84, 
Theorem II.2.3a, II.2.3b], taking into account that /(oo) = 0. The property (L5) 
one gets by a straightforward computation, cf. [84, Theorem VI. 16a]; note that 
/*JGL“(R). 

Next, Ao (/) > 0 implies to(/) < 0, therefore, £+/ can be analytically contin¬ 
ued to 0. If l(f~ ) < 0, then £“/ can be analytically continued to 0 as well, and 
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(L6) will be evident. Otherwise, if [(/“) = 0 then (L6) follows from [84, Theo¬ 
rem V.l], Similar arguments prove (L7). 

To prove (L8) for decreasing nonnegative /, note that, for any 0 < A < Ao(/), 

f{s) f e Xr dr < [ f{r)e XT dr < (£/)(A), s G R, 

J s -1 Js -1 

that implies (4.51). Next, by (L5), Ao (g* f) > 0, and conditions on g yield that 
g * / > 0 is decreasing as well. Therefore, by (4.51), for any 0 < A < Xo{g * /), 

f(£(/(ff */)))(*)!< [ Hs)(g*ms)e snez ds 

Jr 

<-¥-r(2(9*f)){ A) [ f (s)e~ sX e sRe z ds < oo, 

e ~ 1 JR 

provided that Re z < A 0 (/) + A < A 0 (/) + A 0 (g * /). As a result, A 0 (/(<7 * /)) > 
Ao(/) + A 0 (5 * /) that, by (L5), implies (4.52). □ 


Fix any t; £ S d b Then, by (4.11), one has that Ao(a ± ) > 0. Consider, cf. 
(4.15), (4.19), the following complex-valued function 


= Rei>0 

z 

which is well-defined on 0 < Rex; < Ao(a + ). Note that, by (4.11), 


(4.53) 


(£fi+)(A) = c*(A), G ? ( A) = 

and hence, by (4.19), 


°?(A) - 


0 < A < A 0 (a+), 


c.(0 < inf G*(A), 


(4.54) 


where c*(£) is the minimal speed of traveling waves, cf. Theorem 4.9. We will 
show below that in fact there exists equality in (4.54), and hence in (4.19). 

We start with the following notations to simplify the further statements. 

Definition 4.17. Let m > 0, > 0, 0 < a~ G L 1 (M d ) be fixed, and (Al) 

holds. For an arbitrary £ G S' d_1 , denote by lie the subset of functions 0 < a + G 

L 1 (K d ) such that (A2) and (A5)-(A8) hold. 

For a + GW^, denote also the interval I $ C (0, oo) by 

{ (0, oo), if Ao(a + ) = oo, 

(0, A 0 (a+)), if Ao(a + ) < oo and (£a + ) (Ao(a + )) = oo 

(0, A 0 (a+)], if Ao(a + ) < oo and (£a + )(Ao(a + )) < oo. 

Proposition 4.18. Let £ G 5' d_1 be fixed and a + G lit. Then there exists a 
unique A* = A*(£) G 1\ such that 

inf Gj(A) = nrinG{(A) = G$(A*) > x + m^. (4.55) 

A>0 A 

Moreover, Ge is strictly decreasing on (0, A*] and Gj is strictly increasing on 
Le \ (0, A*] (the latter interval may be empty). 
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Proof. First of all, by (4.6), the condition (A7) implies, cf. (4.11), 




sa + (s) ds £ R. 


(4.56) 


Next, to simplify notations, we set A 0 := A 0 (a + ) € (0, oo]. Denote also 

F 4 (A) := x + ac{\) -m = AG ? (A), A £ I ( . (4.57) 


By (L2), for any A £ (0, A 0 ), 

o^(A) = f s 2 a + (s)e Xs ds > 0, (4.58) 

Jr 

therefore, a)(A) is increasing on (0, Ao); in particular, by (4.56), we have, for 
any A £ ( 0 , A 0 ), 


f sa + (s)e Xs ds = a'c( A) > a^(0) = f sa + (s)ds = m^. (4.59) 

J r Jr 

Next, by (L6), Fj(0+) = x + — m > 0, hence, 

G 4 (0+) = oo. (4.60) 

Finally, for A £ (0, Ao), we have 

G'ti A) = A- 2 (AF'(A) - F<:( A)) = A _1 (Fc(A) - G ? (A)), (4.61) 

G"(A) = A- 1 (F"(A)^2G^(A)). (4.62) 

We will distinguish two cases. 

Case 1. There exists fi € (0, Ao) with G^(/z) = 0. Then, by (4.62), (4.58), 
G'l( jm) = n-'FZfa) = > 0. 

Hence any stationary point of Gj is with necessity a point of local minimum, 
therefore, Gc has at most one such a point, thus it will be a global minimum. 
Moreover, by (4.61), (4.59), G'(/z) = 0 implies 


> >r + mt. (4.63) 

Therefore, in the Case 1, one can choose A* = /i (which is unique then) to fulfill 
the statement. 

List the conditions under which the Case 1 is possible. 


1. Let Ao = oo. Note that (A 8 ) implies that there exist 6' > 0, p' > 0, such 
that a + (s) > ()', for a.a. s £ [r — 8' ,r + 8'}. Indeed, fix, for the case d> 2, 
a basis 771 ,..., r]d-i of H^ = {C} 2- ! cf. definition of (4.6), then 


BM) => {( 


r + cr)£ + t irji + ... + Td-ir]d-i 



Therefore, by (4.6) and (A 8 ), 


a + 


(s) > P[ 


(28Y- 1 , 

l 7d) 


s e [r-8',r + 8'}, 8 ' := 


\fd 


(4.64) 
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Hence if Aq = oo, then 


1 1 r r + s> I 

T a 5 (A)>-/ a+{s)e Xs ds>p'—(e x ( r+s) -e Xr )^ oo, (4.65) 
A A J r X z 

as A —> oo. Then, in such a case, Gj(oo) = oo. Therefore, by (4.60), there 
exists a zero of G^. 

2. Let Ao < oo and Oc(Ao) = oo. Then, again, (4.60) implies the existence of 
a zero of G £ on (0, Ao). 

3. Let A 0 < oo and a^(A 0 ) < oo. By (4.57), (4.61), 

lim \ 2 G'A\) = -FA 0+) = ~(x + - m ) < 0. 

A-KM- ? ^ 

Therefore, the function G has a zero on (0, Ao) if and only if takes a 
positive value at some point from (0, Ao). 

Now, one can formulate and consider the opposite to the Case 1. 

Case 2. Let Ao < oo, a^(Ao) < oo, and 

Gj(A) < 0, A € (0, A 0 ). (4.66) 


Therefore, 


inf G*(A) = inf G*(A) = lim G*(A) = G ? (A 0 ), (4.67) 

A>U AG(0,AoJ A—^Aq — 


by (L7). Hence we have the first equality in (4.55), by setting A* := A 0 . To prove 
the second inequality in (4.55), note that, by (4.61), the inequality (4.66) is 
equivalent to F^( A) < G$(A), A € (0, Aq). Therefore, by (4.67), (4.57), (4.59), 


G £ (Ao)= inf G*(A)> inf F'(A) > v+a'J 

Ae(^-,Ao) Ag(^,Ao) 


Ar 


> H + mc, 


where we used again that, by (4.58), and hence F'c are increasing on (0, Ao). 
The statement is fully proved now. □ 


The second case in the proof of Proposition 4.18 requires additional analysis. 
Let £ € S d ~ l be fixed and a + £ Uc, Ao := Ao(a + ). By (L2), one can define the 
following function 


tc(A) := x + f (1 — As)a + (s)e As ds € R, A e [0, A 0 ). 

J R 


Note that 



\s\d + (s)e XoS ds < oo, 


(4.68) 


(4.69) 


and f R sa + (s)e XoS ds £ (0, oo] is well-defined. Then, in the case Ao < oo and 
a ?(^o) < oo, one can continue tc at Ao, namely, 

tj(Ao) := ac + f (1 — Aos)a + (s)e AoS ds £ [— oo, x + ). (4.70) 

Jr 
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To prove the latter inclusion, i.e. that t^(Ao) < >f + , consider the function 
/o(s) := (1 — Aos)e A ° s , s G R. Then, /q(s) = — AgSe A ° s , and thus fo(s) < 
/o(0) = 1, s / 0. Moreover, the function go(s) = fo(—s) — /o(s), s > 0 is 
such that g' 0 (s) = Aqs(c A oS — e _A ° s ) > 0, s > 0. As a result, for any S > 0, 
fo(S) > fo{S), and 

I /o(s)a + (s) ds < fo(— S) f a + (s)ds+ I a + (s)ds< ( a + (s)ds = l. 

Jr Jr\[-s,s] J[-s,s] Jr 

Proposition 4.19. Let £ G S' d ” 1 be fixed and a + £ U^. Suppose also that 
Ao := Ao(a + ) < oo and a=(Ao) < oo. Then (4.66) holds iff 

k(X 0 )£ (0,>c + ), (4.71) 

m< tf(Ao). (4.72) 

Proof. Define the function, cf. (4.57), 

H^(\) := AFjt(A) — -Ff (A), Ae(0,A 0 ). (4.73) 

By (4.61), the condition (4.66) holds iff He is negative on (0, Ao). By (4.73), 
(4.58), one has H^( A) = XF^'(X) > 0, A G (0, Ao) and, therefore, H^ is (strictly) 
increasing on (0, Ao). By Proposition 4.18, G^, and hence He, are negative on a 
right-neighborhood of 0. As a result, H^( A) < 0 on (0, A 0 ) iff 

lim H^X) < 0. (4.74) 

A—)-A 0 — 

On the other hand, by (4.57), (4.68), one can rewrite H^( A) as follows: 

Ht( A) = -t*(A) + to, A G (0, Ao). (4.75) 

By the monotone convergence theorem, 

lim f (Xs — l)a + (s)e Xs ds = f (Xqs — l)a + (s)e A ° s ds £ (—1, oo]. 
A -> A 0- J R + J R + 

Therefore, by (4.69), (4.75), tc(Ao) G R iff H^(Xq) = lim H^( A) G R. Next, 

A—>-Ao — 

clearly, i7c(Ao) G (to — x + ,0\ holds true iff both (4.72) and (4.71) hold. 

As a result, (4.66) is equivalent to (4.74) and the latter, by (4.69), implies 
that tj(Ao) G R and hence H^(Xq) £ (to — x + ,0\. Vice versa, (4.71) yields 
i^(Ao) G R that together with (4.72) give that H^(Xo) < 0, i.e. that (4.66) 
holds. □ 

According to the above, it is natural to consider two subclasses of functions 
from U £, cf. Definition 4.17. 

Definition 4.20. Let £ G S d ~ 1 be fixed. We denote by Vj the class of all 
kernels a + £ U^ such that one of the following assumptions does hold: 

1. A 0 := A 0 (a+) = oo; 

2 . Ao < oo and a^(Ao) = oo; 

3. Ao < oo, ac(Ao) < oo and t^(Ao) G [— oo,m), where t^(Ao) is given by 
(4.70). 
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Correspondingly, we denote by W 5 the class of all kernels a + G Uc such that 
Ao < 00 , a^(Ao) < 00 , and t^(Ao) G [: m , x + ). Clearly, = V 5 U Wj. 

As a result, combining the proofs and statements of Propositions 4.18 and 4.19, 
one immediately gets the following corollary. 

Corollary 4.21. Let £ G S d 1 be fixed, a + G U^, and A* be the same as 
in Proposition f.18. Then A* < Ao := Ao(o + ) iff a + G Vmoreover, then 
G'( A*) = 0. Correspondingly, A* = Ao iff a + G W 5 ; in this case, 

lim Gg(A) = m < 0. (4.76) 

A—>■ Ao — Aq 

Example 4.22. To demonstrate the cases of Definition 4.20 on an example, 
consider the following family of functions 

ae -A t l s l P 

« + (s) ■= l + | g | g , S G R,p > 0,q > 0,p > 0, (4.77) 

where a > 0 is a normalising constant to get (4.7). Clearly, the case p G [0,1) 
implies Ao(a + ) = 0, that is impossible under assumption (A5). Next, p > 1 
leads to Ao(a + ) = 00 , in particular, the corresponding a + G Vj. Let now p = 1, 
then Ao(a + ) = p. The case q G [0,1] gives aj(Ao) = 00 , i.e. a + G V 5 as well. 
In the case q G (1, 2], we will have that a= (Ao) < 00 , however, f R sa + (s)e MS ds = 
00 , i.e. tj(/x) = — 00 , and again a + G Vj. Let q > 2; then, by (4.68), 



-^-((1 + ps)e 2fJ,s + 1 — ps) = — se 2ms (1 + 2 sp) — s < 0 , s > 0,p > 0 , 

we have from (4.78), that tc{p) is strictly decreasing and continuous in p, there¬ 
fore, there exist a critical value 


p* G (2 cos- 


q jc+air 


■ 2-7T , 7 r mq . 2tt 

sin — , (4 + e ) cos-—— sin — 

q q xr+mr q 


such that, for all p > p *, a + G V$, whereas, for p G (0,/z*], a + G W 5 . 
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Now we are ready to prove the main statement of this subsection. 

Theorem 4.23. Let £ £ S’ 1-1 be fixed and a + £ ULet c*(£) be the minimal 
traveling wave speed according to Theorem f.9, and let, for any c > c*(£), the 
function ip = ip c £ Aig(R) be a traveling wave profile corresponding to the 
speed c. Let A* £ it be the same as in Proposition f.18. Denote, as usual, 
Ao := Ao(a + ). 

1. The following relations hold 


c* (£) = min 

A>0 


xr + at(A)—m >r + at(A*) — : 
A A* 

Ao(V0 € (0, A*], 

(W (Ao(V’)) = oo; 


> >r + mt, 


(4.79) 

(4.80) 

(4.81) 


and the mapping (0, A*] 9 Ao(V’) 9c£ [c*(£),oo) is a (strictly) monoton- 
ically decreasing bijection, given by 


*r + a 5 (A o (V0) - m 

WO 


(4.82) 


In particular, Ao {ip c ,(£)) = A*. 

2. For a + 6 one has A* < Ao and there exists another representation for 
the minimal speed than (4.82), namely, 


c*(£)=>r + f x ■ fa + (x)e x * x '^ dx 
Js. d 

= >c + / sa + (s)e A * s ds > x + mt. 

Jr 


(4.83) 


Moreover, for all A € (0, A*], 


t^(A) > m, (4.84) 

and the equality holds for A = A* only. 

3. For a + £ Wj, one has A* = Ao- Moreover, the inequality (4.84) also holds 
as well as, for all A € (0, A*], 

c > I sa + (s)e Xs ds, (4.85) 

Jr 

whereas the equalities in (4.84) and (4.85) hold true now for m = tj(Ao), 
A = A*, c = c*(£) only. 

Proof. By Theorem 4.9, for any c > c*(£), there exists a profile ip £ Aig(R), 
cf. Remark 4.7, which define a traveling wave solution (4.1) to (2.1) in the 
direction f. Then, by (4.32), we get 

—cip'(s) = >t + (a + * ip){s) — mip(s) — x~ip(s)(a~ * ip)(s), s€t. (4.86) 
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Step 1. By Proposition 4.14, we have that Xo(ip) > 0. Note also that the 
condition (A2) implies (4.9), therefore, Xo{a~) > Ao(a + ) > 0. Take any z £ C 
with 


0 < Rez < min{A 0 (a + ), Ao(V’)} < Ao(V’) < Ao^Ca * VO)-! (4.87) 

where the later inequality holds by (4.52). As a result, by (L5), (L8), being mul¬ 
tiplied on e za the l.h.s. of (4.86) will be integrable (in s) over R. Hence, for any z 
which satisfies (4.87), (£0')(s) converges. By (L4), it yields Ao (ip) > Xo(ip') > 
min { A 0 (6+), A 0 (ip)}. 

Therefore, by (4.49), (4.50), we get from (4.86) 


cz(Zip)(z) = x + (Za + )(z)(£ip)(z) 

— m(£,ip)(z) — x~ (Z(ip(a~ * ?/>))) (s), (4.88) 

if only 


0 < Res < min{A 0 (a + ), A 0 (t/’)}- 


(4.89) 


Since ip ^ 0, we have that (£0)(s) d 0, therefore, one can rewrite (4.88) as 
follows 


G d z )~c = 


x (2,(ip(a *ip)))(z) 
s(£^)(s) 


(4.90) 


if (4.89) holds. By (4.87), both nominator and denominator in the r.h.s. of 
(4.90) are analytic on 0 < Res < X 0 (ip), therefore. Suppose that A 0 (^) > 
Ao(a + ), then (4.90) holds on 0 < Res < Ao(a + ), however, the r.h.s. of (4.90) 
would be analytic at s = Ao(a + ), whereas, by (L3), the l.h.s. of (4.90) has a 
singularity at this point. As a result, 


A 0 (a+) > AoWO, 


(4.91) 


for any traveling wave profile ip £ A4@(R). Thus one gets that (4.90) holds true 
on 0 < Res < Xo(ip). 

Prove that 


Aq(V’) < oo. 


(4.92) 


Since 0 < ip < 9 yields 0 < a * ip < 9, one gets from (4.90) that, for any 
0 < A < A 0 {ip), 


c>Gd A) 



xr + (£d + )(A) - 
A 


(4.93) 


If A 0 (a + ) < oo then (4.92) holds by (4.91). Suppose that A 0 (a + ) = oo. By 
(4.65), the r.h.s. of (4.93) tends to oo as A —> oo, thus the latter inequality 
cannot hold for all A > 0; and, as a result, (4.92) does hold. 

Step 2. Recall that (4.54) holds. Suppose that c > c*(£) is such that, 
cf. (4.55), 


c>Gd A,)= inf G*(A)= inf G ? (A). (4.94) 

Aq £ (0, A* ] AqG/^ 
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Then, by Proposition 4.18, the equation Gj(A) = c, A £ / £ , has one or two 
solutions. Let A c be the unique solution in the first case or the smaller of the 
solutions in the second one. Since Gj is decreasing on (0, A*], we have A c < A*. 
Since the nominator in the r.h.s. of (4.90) is positive, we immediately get from 
(4.90) that 


(£'0)(A C ) = oo, 


(4.95) 


therefore, A c > Aq (ip). On the other hand, one can rewrite (4.90) as follows 


W)(z) 


z{Gd z ) -c) 


(4.96) 


By (4.90), Gj(z) ^ c, for all 0 < Re 2 < A 0 (VO < A c < A* < A 0 (a + ). As a result, 
by (4.87), (LI), and (L3), A c = A 0 (V’), that together with (4.95) proves (4.80) 
and (4.81), for waves whose speeds satisfy (4.94). By (4.11), we immediately 
get, for such speeds, (4.82) as well. Moreover, (4.82) defines a strictly monotone 
function (0, A*] 9 A 0 (VO 4c€ [Gj(A*),oo). 

Next, by (4.68), (L2), (4.57), (4.61), we have that, for any A £ 

t £ (A) = x+a^X) - x+Aa£(A) =m + F i ( A) - AF^(A) = m - A 2 G' ? (A). (4.97) 

Recall that, by Proposition 4.18, the function G £ is strictly decreasing on (0, A*). 
Then (4.97) implies that tj(A) > m, A £ (0, A*). On the other hand, by the 
second equality in (4.61), the inequality G£(A) < 0, A € (0, A*), yields G £ (A) > 
J^(A), for such a A. Let c > G £ (A*). By (4.82), (4.57), we have then c > 
x + a'c{X), for all A £ [Ao(V’), A*). By (4.58), F ^ is increasing, hence, by (L2), the 
strict inequality in (4.85) does hold, for A £ (0, A*). 

Let again c > Gj(A*), and let a + £ V £ . Then, by Corollary 4.21, A* < Ao(a + ) 
and G'(A*) = 0. By (4.61), the latter equality and (4.97) give t £ (A*) = to, that 
fulfills the proof of (4.84), for such a + and to. Moreover, by (4.63), 


G £ (A.) = x + a!^X*) 


sa + (s)e A * s 


ds. 


(4.98) 


Let a + £ then A* = Ao(a + ). It means that t=(A*) = to if to = t £ (Ao) only, 
otherwise, t £ (A*) > to. Next, we get from (4.94), (4.61) (4.76), 

c>G{(A*)> lim FUX) = x + f sa + (s)e A * s ds, (4.99) 

J R 

where the latter equality may be easily verified if we rewrite, for A £ (0, A*), 


F^( A) = x + f sa + (s)e Xs ds + x + f sa + (s)e Xs ds, (4.100) 

JR- Jr + 

and apply the dominated convergence theorem to the first integral and the 
monotone convergence theorem for the second one. On the other hand, (4.76) 
implies that the second inequality in (4.99) will be strict iff to < t^(Ao), whereas, 
for c = G^(A*) = inf Gc(A) and to = t £ (A 0 ), we will get all equalities in (4.99). 

Step 3. Let now c > c*(£) and suppose that Ao(a + ) > Ao(V’)- Prove that 
(4.94) does hold. On the contrary, suppose that the c is such that 


cjn<c< inf G £ (A) = inf G f (A). (4.101) 

Ae(0,A»] A>0 ? 
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Again, by (4.90), Gg(z) A c, for all 0 < Re z < Xo(ip), and (4.96) holds, for such 
a z. Since we supposed that Ao(a + ) > Xo(ip), one gets from (4.87), that both 
nominator and denominator of the r.h.s. of (4.96) are analytic on 

{0 < Re 2 < vj D {0 < Re 2 < X 0 (ip)}, 

where v = minjAo (o + ), A o ('0( a * ip)) } • On the other hand, (L3) implies that 
Slip has a singularity at z = Ao(i p). Since Z{ip{a~ *ip))) (Ao {ip)) > 0, the equality 
(4.96) would be possible if only G^(Xo(ip)) = c, that contradicts (4.101). 

Step 4- By (4.91), it remains to prove that, for c > c*(£), (4.94) does holds, 
provided that we have Ao(a + ) = Ao (ip). Again on the contrary, suppose that 
(4.101) holds. For 0 < Re 2 < X 0 (ip), we can rewrite (4.88) as follows 

z(Slip)(z){G i (z) -c) = >t~{Z{ip{a~ *ip))){z). (4.102) 

In the notations of the proof of Lemma 4.16, the functions £~ip and £~a + are 
analytic on Re 2 > 0. Moreover, (£ + ip)( A) and (£ + a + )(A) are increasing on 
0 < A < A 0 (a + ) = A 0 (ip). Then, cf. (4.100), by the monotone convergence 
theorem, we will get from (4.102) and (4.87), that 



We are going to apply now Proposition 3.18, in the case d = 1, to the 
equation (4.4), where the initial condition ip is a wave profile with the speed c 
which satisfies (4.101). Namely, we set A# := (—oo ,R) /* R, R —> oo, and let 
ay), A"I) be given by (3.37), (3.39) respectively with d = 1 and a ± replaced by a ± . 
Consider a strictly monotonic sequence {R n \ n £ N}, such that 0 < R n —> oo, 
n —> oo and 

(4-104) 

cf. (3.41). Let 0 n := 0n n be given by (3.40) with A^ replaced by A ^ . Then, by 
(3.44), 6 n < 0, n £ N. Fix an arbitrary n £ N. Consider the ‘truncated’ 
equation (3.38) with d = 1, replaced by a ^ , and the initial condition 
wq(s) := min{^>(s), 0 n } £ C u b(R). By Proposition 3.18, there exists the unique 
solution u>( n \s,t) of the latter equation. Moreover, if we denote the correspond- 
ing nonlinear mapping, cf. Definition 3.14 and Proposition 4.8, by Q t , we will 
have from (3.42) and (3.43) that 

(Q^ n) w 0 )(s) < 0 n , s£R,t> 0, (4.105) 

and 

( Qt n) w 0 ){s) < <p(s,t), (4.106) 

where (p solves (4.4). By (4.8), we get from (4.106) that (Q^Wo)(s + c) < ip(s), 
s€R. The latter inequality together with (4.105) imply 

(Qi n) wo)(s + c) < w 0 (s). (4.107) 

Then, by the same arguments as in the proof of Theorem 4.9, cf. (4.17), we ob¬ 
tain from [87, Theorem 5] that there exists a traveling wave ip„ for the equation 


52 



(3.38) (with d — 1 and a# replaced by ), whose speed will be exactly c (and 
c satisfies (4.101)). 

Now we are going to get a contradiction, by proving that 

inf G £ (A) = lim inf Gl ra) (A), (4.108) 

A>0 n->oo A>0 ^ 

where G ^ is given by (4.53) with a ^ replaced by a± := a^ . The sequence of 
functions G^ is point-wise monotone in n and it converges to G £ point-wise, 
for 0 < A < Ao(a + ); note we may include Ao(a + ) here, according to (4.103). 
Moreover, G^(A) < G £ (A), 0 < A < Ao(a + ). As a result, for any n € N, 

G^\\i n) ) = inf G[ n) (A) < inf G £ (A) = G £ (A*). (4.109) 

Hence if we suppose that (4.108) does not hold, then 

inf G £ (A) — lim inf Gl n VA) > 0. 

A>0 n->oo X>0 5 

Therefore, there exist 5 > 0 and N £ N, such that 

G^ n) (Al n) ) = inf Gl n) (A) < inf G £ (A) - 5 = G £ (A*) - 5, n> N. (4.110) 

4 A>0 5 A>0 ^ 

Clearly, (3.37) with = (—oo ,R n ) implies that Ao(a+) = oo, hence G ^ 
is analytic on Re z > 0. One can repeat all considerations of the first three 
steps of this proof for the equation (3.38). Let cA' 1 (G) be the corresponding 
minimal traveling wave speed, according to Theorem 4.9. Then the correspond¬ 
ing inequality (4.92) will show that the abscissa of an arbitrary traveling wave to 
(3.38) is less than A 0 (a+) = oo. Asa result, the inequality ci"^(£) < inf Gl"^(A), 

AX3 

cf. (4.101), is impossible, and hence, by the Step 3, 

c > <>)(£) = inf G[ n) (A) = G[ n) (Ai n) ), (4.111) 

where a!"^ is the unique zero of the function ^G^\ A). Let be given on 
(0, oo) by (4.68) with ci + replaced by a+. Then 

7 /» R n 

— tl"^(A) = — Xx + / a + (s)s 2 e As ds < 0, A > 0. (4.112) 

J — OO 

By (4.84), the unique point of intersection of the strictly decreasing function 
y = tj”' 1 (A) and the horizontal line y = m is exactly the point (Al"\o). 

(n) 

Prove that there exist Ai > 0, such that A* > Ai, n > N, and there exists 
Ni > N, such that t^(A) < t^(X), n> m> N\, X > X\. Recall that (4.104) 
holds; we have 

AGl”^(A) = f a+(s)(e As — 1) ds + x + AJ { — to 

J R 

r° 

> x + / dn{s)(e Xs — 1) ds + x + —to, 
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and the inequality 1 — e s < s, s > 0 implies that 


/ O nO I* 

a^(s)(e As — 1) ds <A / a+(s)|s| ds < A / a + (s)|s|ds< 

-OO 'A — OO «/R 

by (A7). As a result, if we set 

Ai := (x- + A^ i — m) ^>c + j a + (s)|s| ds + |Gj(A*)|^ >0, 

then, for any A G (0, Ai), we have 


oo, 


AGi ra) (A) > x+A+ - m - Ai^+ f a+(s)|s| ds = Ai|G £ (A*)| > AG ? (A*), 

Jr 

i.e. G[ n \ A) > Gj(A*) = inf G^(A). Then, for any n> N, (4.110) implies that 

Al”\ being the minimum point for G^ n \ does not belong to the interval (0, Ai). 
Next, let Ni > N be such that R n > for all n > N\. Then, for any A > Ai, 
and for any n > m > N\, we have R n > R rn and 

4"^ (A) — 4 m) (A) = J (1 — As)a + (s)e As ds 

< x + / (1 — Ais)a + (s)e As ds < 0. 

jRm 

As a result, the sequence {A1"^ | n > Ni} C [Ai,oo) is monotonically de¬ 
creasing (cf. (4.112)). We set 


0 := lim Ai" } > Ai. (4.113) 

n—too 

Next, for any n, m £ N, n > m > N\, 

G^\\i n) ) > G\ m) ( Ai n) ) > G^\xi m) ), (4.114) 

where we used that G^ is increasing in n and X'J" 1 is the minimum point of 

' Therefore, the sequence {G^(A*”4} i s increasing and, by (4.110), is 
bounded. Then, there exists 

lim G^ } (Ai n) ) =:g< Gt(A*) - <5. (4.115) 

Fix m > Ni in (4.114) and pass n to infinity; then, by the continuity of G^ n \ 

g > ^lim G[ ro) (A) = G[ m \d) > G { ™\ A (m) ), (4.116) 

in particular, id > 0, as G^" ' 1 (0+) = oo. Next, if we pass in to oo in (4.116), we 
will get from (4.115) 

lim Gi m) (id) =g< Gf(A*) -S< G € ( A*). (4.117) 

m.—¥ oo ^ 
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If 0 < i? < Ao(a + ) then 


lim Gi m) (^) = GtOd) > Gf (A*), 

m—>-oo ^ 

that contradicts (4.117). If i? > Ao(a + ), then lim Gi m ^($) = oo (recall again 

that £“(a + )(A) is analytic and £~(a + )(A) is monotone in A), that contradicts 
(4.117) as well. 

The contradiction we obtained shows that (4.108) does hold. Then, for the 
chosen c > c*(£) which satisfies (4.101), one can find n big enough to ensure 
that, cf. (4.111), 

c < inf Gi n) (A) = cl n) (£). 

However, as it was shown above, for this n there exists a profile ip n of a traveling 
wave to the ‘truncated’ equation (3.38) (with, recall, d = 1 and replaced by 
). The latter contradicts the statement of Theorem 4.9 applied to this 

equation, as c* (£) has to be a minimal possible speed for such waves. 

Therefore, the strict inequality in (4.101) is impossible, hence, we have equal¬ 
ity in (4.54). As a result, (4.11) implies (4.79), and (4.98) may be read as (4.83). 
The rest of the statement is evident now. □ 

Remark 4.24. Clearly, the assumption a + (— x) = a + (x), x £ R d , implies = 0, 
for any £ £ jS d_1 . As a result, all speeds of traveling waves in any directions are 
positive, by (4.79). 


4.3 Uniqueness of traveling waves 

In this subsection we will prove the uniqueness (up to shifts) of a profile ip for 
a traveling wave with given speed c > c,((), c / 0. We will use the almost 
traditional now approach, namely, we find an a priori asymptotic for ip(t), 
t —► oo, cf. e.g. [2,13] and the references therein. 

We start with the so-called characteristic function of the equation (2.1). 
Namely, for a given £ £ S d ~ l and for any c £ [c*(£), oo), we set 

f)£ )C (z) := x + (£,a + )(z) — m — zc = zG^(z) — zc, R ez£l^. (4.118) 

Proposition 4.25. Let £ £ S d_1 be fixed, a + £ U^, Ao := Ao(a + ), c*(£) be 
the minimal traveling wave speed in the direction £. Let, for any c > c*(£), the 
function if £ AU(Bi) be a traveling wave profile corresponding to the speed c. 
For the case a + £ Wj with m = t^(Ao), we will assume, additionally, that 



(4.119) 


Then the function f)j ;C is analytic on {0 < Re 2 : < Ao(V’)}- Moreover, for any 
/? £ (0, Ao {ip)), the function f)£ jC is continuous and does not equal to 0 on the 
closed strip {/3 < Re 2 < Ao(^)}, except the root at z = Ao {ip), whose multiplicity 
j may be 1 or 2 only. 

Proof. By (4.90) and the arguments around, f)£ jC (z) = z(G^(z) — c) is analytic 
on {0 < Re 2 < Ao('0)} C 1^ and does not equal to 0 there. Then, by (4.82) 
and Proposition 4.18, the smallest positive root of the function fje C (A) on R is 
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exactly Ao(VO- Prove that if z o := Xo(ip) + i/3 is a root of f)£ ;C , then /3 = 0. 
Indeed, f)£ jC (zo) =0 yields 

f a + (s)e A °^ s cospsds = m + c\ 0 (ip), 

Jr 

that together with (4.82) leads to 

>r + f a + (s)e x °^ s (cos f3s — 1) ds = 0, 

Jr 


and thus /3 = 0. 

Regarding multiplicity of the root z = Ao (?/>), we note that, by Proposi¬ 
tion 4.18 and Corollary 4.21, there exist two possibilities. If a + £ Vj, then 
Ao(V0 < A* < Ao(a + ) and, therefore, G^ is analytic at z = Ao (ip). By the sec¬ 
ond equality in (4.118), the multiplicity j of this root for [)£. c is the same as for 
the function G^(z) — c. By Proposition 4.18, G^ is strictly decreasing on (0, A*) 
and, therefore, j = 1 for c > c*(£). By Corollary 4.21, for c = c*(£), we have 
G'^(\ 0 (ij})) = Gj(A*) = 0 and, since tl^ c (A 0 ) > 0, one gets j = 2. 

Let now a + € Wj. Then, we recall, A* = Ao := Ao(a + ) < oo, G^(Xq) < oo 
and (4.76) hold. For c > c*(£), the arguments are the same as before, and they 
yield j = 1. Let c = c*(£). Then (i ?jC (Ao) = 0, and, for all z £ C, Re z £ (0, Ao), 
one has 

fR, c (Ao - z) = flj, c (A 0 - z) - t)f, c (A 0 ) = x + ( a + (r)(e (Ao_2)T - e A ° T )dr + cz 

Jr 

= z(^—x + J a + (r)e A ° T J e~ zs dsdr + cj . (4.120) 

Let z = a + f3i, a £ (0, A 0 ). Then |e A ° r e _zs | = e A ° r_as . Next, for r > 0, 
s £ [0, r], we have e A ° T_as < e A ° r ; whereas, for r < 0, s £ [t - , 0], one has 
e \ 0 T-aa = e Ao(r- s ) e (A 0 -a) s < p As a result, |e A ° T e“ zs | < e A ° max { T ’°>. Then, 

using that a + £ Wj implies f R d + (r)e x ° max I r -°} ds < oo, one can apply the 
dominated convergence theorem to the double integral in (4.120); we get then 

lim ^ c ,c( A o ~ “) = _ x+ f h +^ T y\ 0 r TdT + c (4.121) 

Re z->0+ Z Jr 


According to the statement 3 of Theorem 4.23, for m < t^(Ao), the r.h.s. of 
(4.121) is positive, i.e. j = 1 in such a case. Let now m = tc(Ao), then the r.h.s. 
of (4.121) is equal to 0. It is easily seen that one can rewrite then (4.120) as 
follows 


tR,c(A 0 - z) 
z 



(4.122) 


Similarly to the above, for Re 2 £ (0, Ao), one has that \e x ° T ~ zt \ < e A » max { T ’0}. 
Then, by (4.119) and the dominated convergence theorem, we get from (4.122) 
that 

lim ~ =^~ [ a+(T)e XoT T 2 dT £ (0,oo). 

Re z-*•()+ Z 2 2 J R 

Im z—>• 0 

Thus j = 2 in such a case. The statement is fully proved now. □ 
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Remark 4.26. Combining results of Theorem 4.23 and Proposition 4.25, we 
immediately get that, for the case j = 2, the minimal traveling wave speed 
c*(£) always satisfies (4.83). 

Remark 4.27. If a + is given by (4.77), then, cf. Example 4.22, the case a + £ Wc, 
to = t^(Ao) together with (4.119) requires p = 1, p < p*, q > 3. 

We consider now the following Ikehara-Delange type Tauberian theorem, 
cf. [24,52,77], 

For any p > fi > 0, T > 0, we set 

{z € C | (3 < Re z < p, |Imz| < T}. 

Let, for any D C C, A(D) be the class of all analytic functions on D. 

Proposition 4.28. Let p > (3 > 0 be fixed. Let <p £ C' 1 (M+ -> R_|_) be a 
non-increasing function such that, for some a > 0, the function tp(t)e^ +a ^ t is 
non-decreasing, and the integral 

OO 

J e zt ip'(t)dt, 0<R ez<p (4.123) 

o 

converges. Suppose also that there exist a constant j £ {1,2} and complex¬ 
valued functions H,F : {0 < Rez < p} —> C, such that H £ .4(0 < Re 2 < p), 
F £ ^1(0 < Re^ < p) fl C(0 < Re 2 : < p), and, for any T > 0, 

lim (logo-) 2- '? sup \F(p — 2a — ir) — F(p — a — ir)\ = 0, (4.124) 

<7-*-°+ T g[_ T:T ]' 

and also that the following representation holds 

OO 

[ e zt ip(t)dt = . + H(z), 0 < R ez < p. (4.125) 

J {z~ h ) 3 

o 

Then ip has the following asymptotic 

ip(t) ~ F{p)e~ >it t 3 ~ 1 , t —> +oo. (4.126) 

The proof of Proposition 4.28 is based on the following Tenenbaum’s result. 

Lemma 4.29 (“Effective” Ikehara-Ingham Theorem, cf. [77, Theorem 7.5.11]). 
Let a(t) be a non-decreasing function such that, for some fixed a > 0, the 
following integral converges: 

OO 

J e~ zt da(t), Re z > a. (4.127) 

o 

Let also there exist constants D > 0 and j > 0, such that for the functions 

OO 

G (z) := -^— z J e- (a+z)t da(t) - Rez > 0, (4.128) 

0 

T 

r](a, T) := a 3 ~ 3 J |G(2<t + it) — G(cr + ir)\dr, T > 0, 

-T 
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one has that 


lim r/(cr, T) = 0, T > 0. (4.129) 

CT-J-0 + 

Then 

a(0 = +0(pW)}e at ^ - ^ t> 1, (4.130) 

where 

^ ): % 2 5L,{ T ' , + ’< r ‘- r > + <r<r) }- < 4 - 131 ' 

Proof of Proposition 4-28. We first express e xt ip(t)dt, in the form (4.127). 
By the assumption, the function a(f) := e^ +a ^</?(f) is non-decreasing. For any 
0 < Re z < p, one has 

OO OO OO 

J e~ {a+z)t da(f) = (p + a) J e^~ z ^ip(t)dt + J e^~ z)t <p'(t)dt, (4.132) 

0 0 0 
and the r.h.s. of (4.132) converges, by (4.123) and (L4). Then, by [84, Corol¬ 
lary II.1.1a], the l.h.s. of (4.132) converges, for Rez > 0, and hence, by [84, The¬ 
orem II.2.3a], one gets 


J e~ {a+z)t da(t) = -<p(Q) + (a + z ) J e^~ z)t (p(t)dt. 


o o 

Therefore, by (4.125) and (4.133), we have 


(4.133) 


- / e *■ +z>t da(t) = -t - h K(z), 0 < R ez < p, 

a + z J z-? 

o 

where K(z) := H(p — z) — , 0 < Rez < p. 

a + z 

Let now G be given by (4.128) with a(t) as above and D := F(p). Check 
the condition (4.129); one can assume, clearly, that 0 < a < 2a < p. Since 
K € .4(0 < Rez < p), one easily gets that 


linger-' 1 J \G(2a + ir) — G(a + ir)\dr 

F(p — 2a — ir) — F(p) F(p — a — ir) — F(p) 


-T 

T 


< lim (jj 1 

<T—>-0+ 


-T 

T 


< lim o J 1 

o’—>-0+ 


(2cr + ir)i (cj + ir)i 

F(n — 2cr — it) — F(ii — a — ir) | 


dr 


-T 


(a + ir)i 


dr 


+ lim ct j_1 [\F(p — 2a — ir) — Ftp) I 

a^o+ J 1 1 

— T 


1 


1 


(2o + ir)i (a + ir )■? 


=: lim AG a) + lim BAa). 

cr—>-0-t- J o'—>0+ J 


dr , 

(4.134) 
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One has 


Aj(a) < sup |F(/z — 2a — ir) — F(fi — a — ir) |o J 1 / 

ref-T,n J- 

f 


1 


_ T |cr + iry 


dr , 


and since 


— /O 1 


' 1- ^-rrdr = cr / --ar = 

-T |(7 + IT\ J J_ t ( CT 2 +t 2) 5 j 


dr = 


. 1 

2 log-, j = l 


„ T 

2 arctan —, 
a 


3 = 2 


we get, by (4.124), that lim Aj-(<t) = 0. 

Next, since F G C(Kp^^ T ), there exists Ci > 0 such that |F(z)| < C\, 
z G Kp^ t T- Therefore, 


Bj(a) < cr j 1 sup |F(/z — 2a — ir) — n4 I 

|r|<v/ff J 


k|<V^ 

+ 2C'iCr J - 1 


1 


1 


dr 


1 


l T \<V° 
1 


v^<|r|<T 

Note that, for any a < b, 

b b 

dr = [ 


(2a + ir)3 (a + ir)i 


(2(j + iry (a + ir) J 

dr. (4.135) 


1 


1 


2a + ir a + ir 


1 1 

(2a + ir) 2 (a + ir) 2 


dr = < 


a/ (2a 2 — t 2 ) 2 + 9 ct 2 t 2 

I' a/9ct 2 + 4r 2 

(2ct 2 — r 2 ) 2 + 9(j 2 r 2 


dr = J h±(x)dx; 

b_ 

dr = — [ h, 2 (x)dx, 

v J 


where 


1 u t \ 'f 9 +4a; 2 

hi(x) := . , hi2\x) := --~-j. 

V4 + 5a: 2 + a; 4 4 + 5cr 2 + a: 4 


Now, one can estimate terms in (4.135) separately. We have 
1 1 


tJ- 1 


M<\/r 


(2cr + ir)3 (a + ir)i 


dr = / hj(x)dx < / hj(x)dx < oo. 

J Jr 

W<^ 


Next, since F is uniformly continuous on I\ j s,^,Ti we have that, for any £ > 
0 there exists 5 > 0 such that /(/i, cr, t) := |F(/z — 2cr — ir) — F(/x)| < £, 
if only 4cr 2 + r 2 < 6. Therefore, if cr > 0 is such that 4cr 2 + a < 5 then 
su P | T |^/(/r,(7,r) < £ hence 


sup | F(fi — 2cr — ir) — F(fi) | —?• 0, a —> 0 + . 
M<\/r 


Finally, 


t J-i 


%/r<|r|<T 


(2cr + *t) 1 (cr + ir)i 


= 2 f hj(x)dx —> 0, cr —>■ 0+, 
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as f R hj(x)dx < oo. As a result, (4.135) gives Bj(a) 0, as a —► 0+. Com¬ 
bining this with A.j (a) —> 0, one gets (4.129) from (4.134); and we can apply 
Lemma 4.29. Namely, by (4.130), there exist C > 0 and to > 1, such that 

De at t j ~ l < <p{t)e^ +a)t <{D + Cp{t)} e at t J ~\ t > t 0 . 

as T(j') = 1, for j G {1,2}. By (4.129), (4.131) p(t) —> 0 as t —> oo. Therefore, 

<p(t)e (jt+a) * ~ De°V- 1 , t-> oo, 

that is equivalent to (4.126) and finishes the proof. □ 

To apply Proposition 4.28 to our settings, we will need the following state¬ 
ment, which is an adaptation of [89, Lemma 3.2, Proposition 3.7]. 

Proposition 4.30. Let f G S d_1 be fixed, a + 6 c*(£) be the minimal 

traveling wave speed in the direction £. Let a traveling wave profile %j) g A4e(K) 
correspond to a speed c > c,((), c / 0. Then there exists v > 0, such that 
ip(t)e vt is a monotonically increasing function. 

Proof. We start from the case c > 0. Since ijj(t) >0, t g R, it is sufficient to 
prove that 


V’O) 


> — v, t G 


(4.136) 


yi 

Fix any /j > - > 0. Then, clearly, 

c 

h~ (a~ * if)(t) + to < >c~ 9 + m = x ,+ < cp, 
and we will get from (4.86), that 

0 > cif'(s) + K + (a + * ip)(s) - cptp(s), s G R. (4.137) 

Multiply both parts of (4.137) on e _Ats > 0 and set 

w(s) := ip(s)e~^ s >0, sGK. 

Then w'(s) = if , (s)e~ tJ ‘ s — pw(s) and one can rewrite (4.137) as follows 
0 > cw'(s) + x + (a + * if)(s)e~ fls 
■=cw'{s) + x + f a + (r)w(s — r)e _Air dr, sGK. (4.138) 

J R 

As it was shown in the proof of Proposition 4.18, (A8) implies that there 
exists g > 0, such that 


/♦OO 

/ a + (s)e~ ,ls ds > 0; 

J 2g 


(4.139) 


indeed, it is enough to set 2g := r + y in (4.64). 
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Integrate (4.138) over s G [t,t + g]; one gets 

rt+Q 


r z ~rQ r 

0 > c(w(t + g) — w(t)) + x + / / a + (r)w(s — r)e~ IJ ' T dTds. (4.140) 

J t J ]R 


Since w(t) is a monotonically decreasing function, we have 
rt+e 


pt+g p p 

/ / a + (t)w(s — r)e _Atr drds > g / a + (r)w(t + g — r)e _/iT dr 

J t J R J R 

/»oo POO 

•_ g / a + (T)w(t + g — r)e“' iT dr > gw(t — g) / a + (r)e _ ' iT dr. (4.141) 

J-2o J2o 


We set, cf. (4.139), 


ic+ Z 100 

C(p,p) := - / a + (s)e MS ds > 0. 

c J 2 g 


Then (4.140) and (4.141) yield 

w(t) — gC(p, p)w(t — g) > w(t + g) > 0, iel. (4.142) 

Now we integrate (4.138) over s G [t — g, tj. Similarly to above, one gets 

0 > c(w(t) — w(t — g)) + >c + f f a + (t)w(s — r)e _MT drds 

J t—Q Jr 

> c(w(t) — w(t — g)) + gx + / d + {r)w{t — T)e~^ r dT. (4.143) 

J R 


By (4.142) and (4.143), we have 

1 > w(t - g) > 1 

gC(p,p) ~ w(t ) ” c J 

On the other hand, (4.86) implies that 

ip'(t) (a + f + 

ip{t) ~ c ip(t) c J R 



w(t — t) 
w(t ) 


e~ fJ,T dr. 


(t) 


w(t — t) 
w(t) 


e-^dr, 


t G R. 


Finally, (4.144) and (4.145) yield (4.136) with v = 
Let now c < 0. For any v G R, one has 


1 

P 2 C(p,p) 


> 0. 


(4.144) 


(4.145) 


ip'(s) = e~ vs {'il)(s)e us )' — vtp(s), s G R. 

Hence, by (4.32), (A2), 

0 = ce~ vs (ip(s)e ,ys y — cisi/j(s) + x + (a + * ip)(s) — x - -i/>(s)(a - * 4>)(s) — rmp(s) 

> ce~ vs (ip(s)e' ys y — cisi/j(s) + x + (a + * V’)( s ) — x _ $(®~ * V0( s ) — rm/j(s) 

> ce~ vs (ip(s)e us y — cisi/j(s) — mip(s), s G R. 

a , in 

As a result, choosing v > —, one gets 

—c 

—ce~ vs [il){s)e us y > (—cv — m)ijj(s ) >0, s G R, 
i.e. ip(s)e l ' s is an increasing function. □ 
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Now, we can apply Proposition 4.28 to find the asymptotic of the profile of 
a traveling wave. 

Proposition 4.31. In conditions and notations of Proposition f.25, for c / 0, 
there exists D = Dj > 0, such that 

ip(t) ~ t oo. 

Proof. We set p := Ao(V’) and 

f(z ) := >c~ (Z{il){ar *ip)))(z), gj(z) := 

0 

H(z) ■=- [ if{t)e zt dt, F{z) ■= 

J 9j\ z ) 

— OO 

By (4.87) and Lemma 4.16, we have that f,H£ .4(0 < Rez < p); in particular, 
for any T > 0, /3 > 0, 


(4.146) 


(4.147) 


/ := sup |/(z)|<oo. (4.148) 

By Proposition 4.25, the function g :j is continuous and does not equal to 0 on 
the strip {0 < Re 2 < p) , in particular, for any T > 0, j3 > 0, 

9j ■= inf \d( z )\ > 0. (4.149) 

sCA i.„, T 

Therefore, F € ^1(0 < Rez < g)nC(0 < Rez < p). As a result, one can rewrite 
(4.96) in the form (4.125), with ip = ip and with F, H as in (4.147). 

Taking into account Proposition 4.30, to apply Proposition 4.28 it is enough 
to prove that (4.124) holds. Assume that 0 < 2 a < p. 

Let j = 2. Clearly, F £ C(0 < Rez< p) implies that F is uniformly 
continuous on Then, for any e > 0 there exists A > 0 such that, for any 

r G [— T,T ], the inequality 

|cr| = \(p — 2a — ir) — {p — <j — ir)\ < S 

implies 

j F(p — 2(j — ir) — F(p — a — ir) \ < e, 
and hence (4.124) holds (with j = 2). 

Let now j = 1. If F £ A{Kg^ r), we have, evidently, that F' is bounded 
on and one can apply a mean-value-type theorem for complex-valued 

functions, see e.g. [31], to get that F is a Lipschitz function on Kg^r- Therefore, 
for some K >0, 


| F{p — 2cr — ir) — F(p — cr — ir)\ < K\cr\, 

for all r £ [—T,T], that yields (4.124) (with j = 1). By Proposition 4.18 and 
Corollary 4.21, the inclusion F £ A(K^ 3 iA i,t) always holds for c > c*; whereas, for 
c = c* it does hold iff a + £ Vj. Moreover, the case a + £ with m = t^(A 0 ) 
and c = c* implies, by Proposition 4.25, j = 2 and hence it was considered 
above. 
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Therefore, it remains to prove (4.124) for the case a + £ with m < t^(Ao), 
c = c* (then j = 1). Denote, for simplicity, 


Z\ := n — a — ir, Z 2 := /1 — 2a — it. 
Then, by (4.147), (4.148), (4.149), one has 

\F(zo)~ F(z,)\ < ZM , /(^) f( z 1 ) 

~ 1 51 ( 22 ) 51 ( 22 ) 51 ( 22 ) 51 ( 21 ) 


(4.150) 


< —1/(2 2 ) - /( 21 )| + 4l5i(2i) - 51 ( 22 )!- (4.151) 

5i 5i 

Note that, if 0 < </> € L°°(M) n L 1 (K) be such that A 0 (^) > /1 then 

\m(z 2 ) - (£$(*i)| < [ 4>(s)e fls \e~ 2,7S - e~° s \ds 

Jr 

poo p 0 

< cr / ((>(s)e^ _c ^ s sds + cr / 0(s)e^ _2<T ) s |s| ds = O(u), (4.152) 

«/ 0 J —00 

as cr —> 0T, where we used that sup s<0 e^ _2 ' T ^ s |s| < 00 , 0 < 2cr < /t, and that 
(L2) holds. Applying (4.152) to <f> = ip(a~ * ip) < 6 2 a~ £ L 1 )®) D L°°(R), one 
gets 

sup \f(z 2 )-f(z 1 )\=0(a) i a->0 + . 

rG[—T,T] 

Therefore, by (4.151), it remains to show that 


lim log (J sup | 5 i( 2 i) - 51 ( 22)1 = 0. 

<T->0+ t6[-T,T] 


(4.153) 


Recall that, in the considered case c = c*, one has f)£ iC (/i) = 0. Therefore, by 
(4.118), (4.147), (4.150), we have 

l9,fe)-!ftte)l= hj2,> ~ - > ’ i - c(S2) ~ 

2i-/l 22-/1 

I >r + (£a + )(zi) — ;^ + (£d + )(/i) x + ( 2 ,d + )(z 2 ) — >«- + (£a + )(/i) I 


< >r + / d + (s)e fls 


21-/1 22-/1 

1 _ e (-<T-ir)s ^ _ e (—2a—ir)s 

e^ s - 7 --- ds 

a + it 2a + it 


= jt + f d + {s)e» s f (e(- CT - iT)t — el - 2a - iT)t )dt ds 

Jr Jo 

poo pS 

<x+ a + (s)e ps / \e~ at - e~ 2tTt \dtds 

Jo Jo 


/ 0 pO 

a + (s)e Ats / |e _crt — e _2<Tt | dt ds 
-OO J S 

and since, for t > 0, |e _<Tt — e -2crt | < erf; and, for s < t < 0, 


(4.154) 


\e-ai _ e -2(7t| = e -2<7t| e <7t 


e crt — 1 < e~ 2crs a\t\, 


one can continue (4.154) 


1 r °° 1 7 ° 

< -ax + / a + (s)e ps s 2 ds + -ax + / d + (s)e^~ 2o ^ s s 2 ds. 

2 J n 2 J -00 
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Since g > 2er, one has supe^ M 2a ) s s 2 < 00j therefore, by (4.119), one gets 

s<0 

sup \gi(zi) - gi{z 2 )\ < const • a, 

re[-T,T] 

that proves (4.153). The statement is fully proved now. □ 

Remark 4.32. By (4.126) and (4.147), one has that the constant D = Dj in 
(4.146) is given by 

D = D(ip) = x~(Z(ip{d~ * ip)))M lim ^ 

Z-S-/X f^ jC (z) 

where g = Ao {ip). Note that, by Proposition 4.25, the limit above is finite and 
does not depend on ip. Next, by Remark 4.7, for any <j€l, ipq{s) := ip(s + q), 
s £ R. is a traveling wave with the same speed, and hence, by Theorem 4.23, 
X 0 (ip q ) = X 0 (ip). Moreover, 


(Z(ip q {a *ip q )))(g)= ip(s + q) / a {t)ip(s - t + q) dt e MS ds 

J r Jr 

= e~ M (2(ip{d- *ip)))(g). 

Thus, for a traveling wave profile ip one can always choose a?eK such that, 
for the shifted profile ip q , the corresponding D = D{ip q ) will be equal to 1. 

Finally, we are ready to prove the uniqueness result. 

Theorem 4.33. Let £ £ S d ^ 1 be fixed and a + £U^. Suppose, additionally, that 
(A4) holds. Let be the minimal traveling wave speed according to Theo¬ 
rem f.9. For the case a + £ Wt with m = t^(Ao), we will assume, additionally, 
that (4.119) holds. Then, for any c > c*, such that c / 0, there exists a unique, 
up to a shift, traveling wave profile ip for (2.1). 

Proof. We will follow the sliding technique from [18]. Let ipi, ip 2 £ C 1 (K) (~l 
A46»(K) are traveling wave profiles with a speed c > c*, c ^ 0, cf. Propo¬ 
sition 4.11. By Proposition 4.31 and Remark 4.32, we may assume, with¬ 
out lost of generality, that (4.146) holds for both ipi and ip 2 with D = 1. 
By the proof of Proposition 4.25, the corresponding j £ {1,2} depends on a , 
x ± , m only, and does not depend on the choice of ipi, ip 2 . By Theorem 4.23, 
Ao(^i) = X 0 {ip 2 ) =: A c £ (0, oo). 

Step 1. Prove that, for any r > 0, there exists T = T(t) >0, such that 


ipl(s) := ipi(s — t) > ip 2 (s), s>T. (4.155) 

Indeed, take an arbitrary r > 0. Then (4.146) with D = 1 yields 


lim 


ipl(s) 


= 1 = lim 


ip 2 (s 


XXXXX x • 1 \ / \ - - XXXXX . 1 x 

s —^oo (s — 7 s— yoo 

Then, for any e > 0, there exists Ti = T\{e) > r, such that, for any s > Ti, 

V’lO) x ^ _ M s ) 


(s — T y 1 e A R S r ) 


— 1 > —e, 


1 & ^ c 


s^~ l e 


— 1 < £. 
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As a result, for s > Ti > r, 


V’i (s) — ^ 2 (s) > (1 — e)(s — t) j 1 e Ac ^ s r) — (l+e)s J *e 


= s j ~ 1 e~ Ks 


> s^e -^ 8 


1 - - 
5 


, _ ^y-lp-Ac(s-r) _ 
„A c r 1 




— 1 — e( (1 — —V V^ + l 

s 


) 


1 Ti 


r V'- 1 


g A c r _ ]_ _ £ (gAcT _|_ i) ) > o 


if only 


0 < £ < 


('-£) 


r \i _1 


,A c r 


-1 


e A c r _)_ X 


=: g(r, Ti). 


(4.156) 


(4.157) 


For j = 1, the nominator in the r.h.s. of (5.64) is positive. For j = 2, consider 
f(t) := (l — A-)e Act — 1, t > 0. Then f'(t) = e Xct (\ c Ti — A c t — 1) > 0, if only 
Ti > t + j-, that implies f(t) > /(0) = 0, t G (0,Ti — ^-). 

As a result, choose £ = e(r) > 0 with £ < g(r,T + j-), then, without loss 
of generality, suppose that Tf = T\(e) = Ti(r) > r + > r. Therefore, 

0 < £ < g(r,r + < g(r,Ti), that fulfills (4.157), and hence (4.156) yields 

(4.155), with any T > T). 

57ep i2. Prove that there exists v > 0, such that, cf. (4.155), 


ipi (s) > ^(s), s G K. 


(4.158) 


Let t > 0 be arbitrary and T = T(r) be as above. Choose any 5 G (0, |). 
By (4.7), (4.1), and the dominated convergence theorem, 


lim (a * ip 2 )(s) = lim / a ( t)4>2{s — r) dr = 9 > 6. (4.159) 

S—> — OO S—> — OO 

Then, one can choose T 2 = T 2 (<5) > T, such that, for all s < — T 2 , 

^>1 (s) >9-5, (4.160) 

(a - * ip 2 )(s) > (5. (4.161) 

Note also that (4.155) holds, for all s > T 2 > T, as well. Clearly, for any v > r, 
ipi(s) = V’l (s-v)> 4>i(s - t) > ip 2 (s), s > T 2 . 

Next, lim '0( / (T 2 ) = 6 > ^> 2 (— T 2 ) implies that there exists v\ = (T 2 ) = 

IS—>00 

(<5) > r, such that, for all v > v\, 

Vi (a) > ^(T 2 ) > $a(-T 2 ) > ^ 2 (s), s G [-T 2 ,T 2 ]. 

Let such a 1 / > 1/1 be chosen and fixed. As a result, 

> lM«), a > -T 2 , (4.162) 

and, by (4.160), 

ipi (s) + 5 > 0 > ip 2 (s), s < —T 2 . (4.163) 
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For the v > v-\ chosen above, define 

<Pv{s) ■= ip"(s) - i/>2(s), s £ R. (4.164) 

To prove (4.158), it is enough to show that y>„(s) > 0, s £ 1. 

On the contrary, suppose that <p v takes negative values. By (4.162), (4.163), 

<Pv(s) > -£>, s < -T 2 ; <p„(s) >0, s > -T 2 . (4.165) 

Since lim (fi v (s) = 0 and p v £ C 1 )!!), our assumption implies that there exists 

s—> — oo 

so < — T 2 , such that 


<Pv(so) = min ip v {s) £ [-(5,0). (4.166) 

sER 

We set also 

(5* := -<p v (s 0 ) = ^ 2 (so) - V’i(so) e (0,5]. (4.167) 

Next, both ip" and ip 2 solve (4.32). Let Jg be given by (4.33). Then, recall, 
f R Jg(s) ds = to. Denote, cf. (1.4), Lgp := .Jg * ip — rrup. Then one can rewrite 
(4.32), cf. (4.35), 

cip'(s) + ( Lgip)(s ) + x~(9 - ip(s))(a~ * ip)(s) = 0. 

Writing the latter equation for ip” and ip 2 and subtracting the results, one gets 

<V„(s) + {Lgip v ){s) + x~A(s) = 0, lg8 

^( s ) : = (0 - ( s))(a~ * ipi){s) -{9- if> 2 (s))(d~ * ip 2 )(s). 

Consider (4.168) at the point so- By (4.166), 

^„(so) = 0, (Lgip v ){so) > 0. (4.169) 


Next, (4.167) yields 

-4(so) = {9- ip”(s 0 ))(a~ * ^)(so) + (<5* -{6- ip” (s 0 ))(a _ * ip 2 )(so) 

= (9 - ip”{s 0 ))(a~ * ^)(s 0 ) + (5* (a - * ip 2 )(s 0 ) 

= (0- V’i(so))(a" * (w +(5*))(s 0 ) + (5* ((a - * ^ 2 )(s 0 ) - (0 - V’i(so))) 

> 0, (4.170) 

because of (4.166), (4.160), and (4.161). The strict inequality in (4.170) together 
with (4.169) contradict to (4.168). Therefore, (4.158) holds, for any v > v\. 
Step 3. Prove that, cf. (4.158), 

0* := inf{$ > 0 | ipf (s) > ip 2 (s), s £ R} = 0. (4.171) 

On the contrary, suppose that 0* > 0. Let <p* := <p#* be given by (4.164). 
By the continuity of the profiles, > 0. 

First, assume that ip* (so) = 0, for some so £ R, i.e. <p* attains its minimum 
at so- Then (4.169) holds with '9 replaced by $*, and, moreover, cf. (4.168), 

A(s 0 ) = (9- ipi(so))(a~ * <p*)(s 0 ) > 0. 
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Therefore, (4.168) implies 

(iW,)(s o )=0. (4.172) 

By the same arguments as in the proof of Proposition 4.18, one can show that 
(A4) implies that the function Jg also satisfies (A4), for d = 1, with some another 
constants. Then, arguing in the same way as in the proof of Proposition 3.8 
(with d = 1 and a + replaced by Jg), one gets that (4.172) implies that is a 
constant, and thus = 0, i.e. i/jf* = ip 2 . The latter contradicts (4.155). 

Therefore, ip*(s) > 0, i.e. ^f*(s) > ip 2 ( s ), s £ I. By (4.155) and (4.159), 

there exists T 3 = T 3 (d*) > 0, such that Vh 2 (s) > ^2 (s), s > T 3 , and also, for 
any s < — T 3 , (4.161) holds and (4.163) holds with d replaced by (for some 

fixed 6 € (0, |)). For any £ G (0, ^), V’i* _£ > V’i 2 > therefore, 

V’?* _£ (s) > M s ), s> T 3 , 

and also (4.163) holds with d replaced by d* — e, for s < —T 3 . We set 
a := inf (t/>f* (s) - ip 2 (s)) > 0. 

te[-T 3 ,T 3 ] 

Since the family | £ € (0, ■ ! | L )} is monotone in e, and lim -!/)f* _e (t) = 

V’f* (' t ), f £ 1, we have, by Dini’s theorem, that the latter convergence is uniform 
on [— T 3 ,T 3 }. As a result, there exists £ = e(a) € (0, 4p), such that 

> Ms), s G l-T 3 ,T 3 }. 

Then, the same arguments as in the Step 2 prove that tjj^~ e (s) > ip 2 (s), for all 
s G K, that contradicts the definition (4.171) of d*. 

As a result, d* = 0, and by the continuity of profiles, tpi > ^ 2 - By the same 
arguments, > ^>i, that fulfills the statement. □ 

5 Long-time behavior of solutions 

We will study here the behavior of u(tx,t), where u solves (2.1), for big t > 0. 
The results of Section 4 together with the comparison principle imply that if 
an initial condition uo(x) to (2.1) has a minorant/majorant which has a form 
i/)(x ■ £), £ G S' d_1 , where if) G A4e(K) is a traveling wave profile in the direction 
£ with a speed c > c*(£), then for the corresponding solution it to (2.1), the 
function u(tx,t) will have the minorant/majorant ^(t^x ■ £ — c)), correspond¬ 
ingly. In particular, if the initial condition is “below” of any traveling wave in a 
given direction, then one can estimate the corresponding value of u(tx, t) (The¬ 
orem 5.4). Considering such a behavior in different directions, one can obtain a 
(bounded, cf. Proposition 5.7) set, out of which the solution exponentially de¬ 
cays to 0 (Theorem 5.9). Inside of this set the solution will uniformly converge 
to 6 (Theorem 5.10). We will study stationary solutions (Proposition 5.12) and 
consider the case of slow decaying kernels ad 1 (Subsection 5.4) as well. 
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5.1 Long-time behavior along a direction 

We will follow the abstract scheme proposed in [81]. Note that all statements 
there were considered in the space C&QR®), however, it can be checked straight¬ 
forward that they remain true in the space C u b(R d ). We will assume that (Al) 
and (A2) hold. Recall that 9, Ug, Lg are given by (2.17), (3.20), and (3.21), 
respectively. 

Consider the set Ng of all nonincreasing functions p £ C'(R), such that 
p(s) = 0, s > 0, and 

p(— oo) := lim p(s) £ (0,9). 

s —>—oo 

It is easily seen that Ng C Ug. 

For arbitrary s £ 1, c £ I, ( € S'® -1 , define the following mapping V S)C ^ : 
L°°(R) L°°(R d ) 


(Vs,c,tf)(x) = f(x- £ + s + c), x £ R d . (5.1) 

Fix an arbitrary p £ Ng. For T > 0, c £ R, ( £ S' 1-1 , consider the mapping 
Rt,c,£ '■ L°°(R) —> L°°(] R), given by 

(Rt, c, tf)(s) = max{<p(s), {Q T (V a , c ^f))(0)}, s£l, (5.2) 

where Qt is given by (3.33), cf. Proposition 3.15. Consider now the following 
sequence of functions 

fn+i(s) = (R T ,c,nfn)(s), f 0 (s) = p(s), s £ R, n £ N U {0}. (5.3) 

By Proposition 3.15 and [81, Lemma 5.1], p £ Ug implies f n £ Ug and f n +i(s) > 
fn(s), s £ K, n £ N; hence one can define the following limit 

fr,c,d s ) : = lim fn(s), S £i (5.4) 

n—>■ oo 

Also, by [81, Lemma 5.1], for fixed £ £ S d_1 , T > 0, n £ N, the functions 
fn(s) and /t,c,{(s) are nonincreasing in s and in c; moreover, /t,c,^(s) is a lower 
semicontinuous function of s, c,(, as a result, this function is continuous from 
the right in s and in c. Note also, that 0 < /t,c,{ < 9. Then, for any c, £, one 
can define the limiting value 


/r,c,{( oo) := lim f T ,c,d s )• 

s—>oo 

Next, for any T > 0, £ £ S d_1 , we define 


4(0 = sup{c | /t )C ,{( oo) = 6} £ R U {-oo, oo}, 
where, as usual, sup0 := —oo. By [81, Propositions 5.1, 5.2], one has 


fr,c,d oo) 


9, c<4(0, 
0, c > 4(0, 


(5.5) 


cf. also [81, Lemma 5.5]; moreover, 4(0 a lower semicontinuous function 
of £. It is crucial that, by [81, Lemma 5.4], neither /t, c ,{(oo) nor 4(0 depends 
on the choice of p £ Ng. Note that the monotonicity of /t,c,j(s) in s and (5.5) 
imply that, for c < 4(0> /t,c,^(s) = 9, s £R. 
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Proposition 5.1. Let f G S d 1 and suppose that (Al), (A2), and (A5) hold. 
Let c*(£) be as in Theorem f.9. Then 

4(0 = Tc,(£), T> 0. (5.6) 

Proof. Take any c G R with cT > c^(f). Then, by (5.5), /t, c t,£ ^ 9. By (5.2), 
(5.3), one has 


.fn+l(s) > (I Q T (V s , cT ,tfn)m , S G R. (5.7) 

Since /„(s) is nonincreasing in s, one gets, by (5.1), that, for a fixed x G R d , 
the function iy s , C T,ifn){x) is also nonincreasing in s. Next, by (5.1), (5.4) and 
Propositions 3.13, 

( QT{V s ,cT,e,fn)){x ) —> (QT{V StC T^fT,cT,^))(x), a.a. x G R d . (5.8) 

Note that, by (5.1) and Proposition 4.4, 

{QT{Ys,cT,ifT,cT,i)){x) = 4>(x ■ £,T), (5.9) 

where </>(r, f), r G R, f G R + solves (4.4) with ip(r) = /t, c t,£ (r + s + cT) 
(note that s is a parameter now, cf. (4.4)). On the other hand, the evident 
equality (V s , c t,{/t,cT.c)(^ + r£) = f T ,cT,t( x • £ + r + s + cT), r G R shows 
that the function Vs iC t,^/t,cT^ is a decreasing function on R d along the £ G 
S d_1 , cf. Definition 3.16, as fr.cT.s, is a decreasing function on R. Then, by 
Proposition 3.17 and (5.9), the function <j>(x-£, T) G [0, 9} is decreasing 

along the £ as well, i.e. <j>(x ■ £ + r, T) = <^>((a; + t£) • £, T) < <j>(x ■ £, T), t > 0. 
As a result, the function cj>(s, T) is monotone (almost everywhere) in s. Since 
/t,cT,{(s) was continuous from the right in s, one gets from (5.7), (5.8), that 

/t,cT,j(s) > {Qt fT,cT,z){s + cT), 

where Qt is given as in Proposition 4.8. Since /t,cT,{ ^ 0, one has that, 
by [87, Theorem 5] (cf. the proof of Theorem 4.9), there exists a traveling 
wave profile with speed c. By Theorem 4.9, we have that c > c*(£), and hence 

4(0>Tc(0- 

Take now any c > c*(£) and consider, by Theorem 4.9, a traveling wave in 
a direction £ G S d ~ l , with a profile ip G A4e(R) and a speed c. Then, by (5.1) 
and (4.1), 


(Qt(Vs,cT,ziP)){x) = ip({x ■ £- cT) + s + cT) = ip(x ■ f + s). 

Choose <p £ Ng such that <p(s) < ip(s), s G R (recall that all constructions 
are independent on the choice of <p). Then, one gets from (5.2) and (Q4) of 
Proposition 3.15, that 

(Rt,cT^t){ s ) < {Rt, cT, p*P) (s) = 4>(s), s G R. 

Then, by (5.3) and (5.4), /t, c t,{(s) < 'f’(s), s G R, and thus (5.5) implies 
cT > c^(£); as a result, Tc*(£) > that fulfills the statement. □ 

We describe now how the solution to (2.1) behaves, for big times, along a 
direction £ G S d_1 . We start with a result about an exponential decaying along 
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such a direction. It is worth noting that we do not need to assume either (Al) 
or (A2) to prove Proposition 5.2 below. 

For any £ G S' d_1 and A > 0, consider the following set of bounded functions 
on R d : 

E x ^(R d ) := {/ G A°°(K d ) | \\f\\ x ,i := esssup|/(*)|e Ax ^ < oo}. (5.10) 

xeR'* 

Evidently, for / G L°°{R d ), 

esssup \f(x)\e Xx '^ < oo if and only if esssup \f(x)\e Xx '^ < oo, 

xSR d x-£>0 

therefore, 

E x ^(R d ) c E y ^(R d ), A > A' > 0,£ G S*- 1 . 

Proposition 5.2. Let £ G S® -1 and A > 0 be fixed and suppose that (A5) holds 
with p = A. Let 0 < uo G E x ^(R d ) and let u = u(x,t) be a solution to (2.1). 
Then 


IK-,i)IU,€ < IKIIa,^*, t> 0, (5.11) 

where 

p = p(f, A) = x + f a + (x)e Xx '^ dx — m G K. (5-12) 

jR d 


Proof. First, we note that, for any a G L 1 (R d ), 

\(a*f)(x)e Xx -t\< f \a{x-y)\ e x ^- v ^\f{y)\e Xv <dy 

J R d 

<\\fh,J Hy)\e x y<dy. (5.13) 

JR d 

We will follow the notations from the proof of Theorem 2.2, cf. Remark 2.3. 
Let p is given by (5.12) and suppose that, for some r G [0,T), ||u t ||a,£ < 
|Klk«ePR Take any v G X+ r (r) with T, r given by (2.13), (2.15), such that 

IK-,i)IU,j < IKI|a,| e pt , t G [r, T]. (5.14) 

Then, by (2.6), (2.7), one gets, for any t G [r, T], 

0< (§ T v)(x,t)e Xx< 

< e- (t - T)m u T {x)e Xx i + J e -m(t-s) J< .+ ( a + * v )( x>s ) e ^< ds 

< ||uo||a,€ e~ m ^e pT + ||u 0 ||a >? >c + I a+(y)e x ^ dy f e ~ m ^e ps ds, 

J R d Jt 

= ||«o||a,€ e~ mt e^ T + ||u 0 |ki (p + m)e~ mt J * e^ p+m > ds 
= ||'«o||a,{ e pt , 

where we used (5.13) and (5.14). Therefore, ||($ T i>)(-,t)||A,{ < ||wolU,£e pt , t G 
[r, T]. As a result, 

||(^~w)(-,*)||a,€ < ll«olU,€e* rt , n G N, te[r,T]. 

Then ||u(-,£)|| a,£ satisfies the same inequality on [r,T]; and, by the proof of 
Theorem 2.2, we have the statement. □ 
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Remark 5.3. It follows from (LI) of Lemma 4.16 and the considerations there¬ 
after, that the statement of Proposition 5.2 remains true if (A5) holds for some 
/i > A, provided that we assume, additionally, (A6). 

Define now the following set 

T t , ? = {z € | a: -£<4(£)}, £ € S d ~ l ,T > 0. (5.15) 

Clearly, the set T t,£ is convex and closed. Moreover, by (5.6), 

T r ,«=TT u (5.16) 

Here and below, for any measurable A C R d , we define tA := {tx \ x £ A} C K d . 
We are going to explain now how a solution u(x,t) to (2.1) behaves outside of 
the set fYi^ = Y tj j, t > 0. 

Theorem 5.4. Let £ £ S^ 1 and a + £ Ui.e. all conditions of Definition f.l 7 
hold. Let A* = A*(£) £ be the same as in Proposition f.18. Suppose that 
uq £ E\ t ^(M. d ) D Lg and let u £ X x be the corresponding solution to (2.1). Let 
0^ C R d be an open set, such that Yyj C 0^ and 5 := dist (Ti^,K d \ 0(f) > 0. 
Then the following estimate holds 

esssup u(x,t) < ||'Uo|U».je _A *' St , t > 0. (5-17) 

X0G( 

Proof. Let p* := p(£, A*) be given by (5.12). By (5.11), (5.10), one has 

0 < u(x,t) < ||u 0 ||a»,c exp{p*t - A*x • £}, a.a. x £ R d . (5.18) 

Next, by (5.15) and Proposition 5.1, for any t > 0 and for all x £ \ t0(, one 

has x ■ f > tc \(£) + tS = tc*(£) + tS. Then, by (4.82), 

inf (A*a: • £) > fA*c*(£) + t,\*6 

= t(x + / a + (x)e x * x '^ dx — m) + t\*5 = tp* + t\*6. 
v Jr* ' ' 

Therefore, (5.18) implies the statement. □ 

Remark 5.5. The assumption uq £ LA„,{(R d ) is close, in some sense, to the 
weakest possible assumption on an initial condition uo £ Lg for the equation 
(2.1) to have 


lim esssup u(x, t) = 0, (5.19) 

* _>0 ° x<£tG s 


for an arbitrary open set 0( D Ti^, where Tj c is defined by (5.15). Indeed, 
take any Ai,A with 0 < Ai < A < A* = A*(£). By Theorem 4.23, there 
exists a traveling wave solution to (2.1) with a profile ipi £ A4e(K) such that 
Ao(V’i) = Ai. By Proposition 4.31 (with j = 1 as Ai < A*) we have that 
ipi(t) ~ De~ Xlt , t —> oo. It is easily seen that one can choose a function 
<p £ A4e(M) n C'(R) such that there exist p > 0, T > 0, such that <p(t) > ipi(t), 
t £ ffi. and ip(t) = pe~ xt , t > T. Take now uq(x) = ip(x ■ £), x £ We have 
uq £ E\ : c(M. d )\E\ t ^(M. d ). Then, by Proposition 4.4, the corresponding solution 
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has the form u(x, t) = (j>(x-£, t). By Proposition 3.4 applied to the equation (4.4), 
(p(s,t) > if)i(s — c\t), s G R, t > 0, where ci = Gj(Ai) > c*(£), cf. (4.53) and 
(4.82). Take c € (c*(£),ci) and consider an open set 0£ := {x £ R d \ x ■ £ < c}, 
then Ti^ C 0£ C {a; G | x • £ < Ci} =: A\. One has 

sup u(x,t) > sup </>(x • £,t) 

> sup 0i(s — Cit) = 1pi(ct — C\t) > '01 ( 0 ), 

Ct<S<Clt 

as c < Ci and ipi is decreasing. As a result, (5.19) does not hold. 

On the other hand, if 0* G A4e(R) is a profile with the minimal speed 
c*(£) ^ 0 and if j = 2, cf. Proposition 4.25, then u 0 (x) := ip*( x ‘ 0 does not 
belong to the space £^^(1 <1 ), and the arguments above do not contradict (5.19) 
anymore. In the next remark, we consider this case in more details. 

Remark 5.6. In connection with the previous remark, it is worth noting also that 
one can easily generalize Theorem 5.4 in the following way. Let uq G E\^(R d ) D 
Lg, for some A G (0, A*], and let u G X x be the corresponding solution to (2.1). 
Consider the set A c ^ := {a: G R d \ x ■ £ < c}, where c = A _1 (>c + ac(A) — m) 
cf. (4.82). Then, for any open set B c ^ D A c ^ with S c := dist (A Cj |, R d \B c > 0, 
one gets 


esssup u(x,t) < ||uo||A,^e XSct . (5.20) 

x(£tB Cj £ 

Therefore, if u o(x) = ip*(x ■ £), where 0* is as in Remark 5.5 above, then, 
evidently, u 0 G E\^(R d ), for any A G (0, A*). Then, for any open 0£ D Tqj 
with S := dist (T 1>( t, \ 0^) > 0 one can choose, for any s G (0,1), Ci = 
c*(£) + 5s. By Theorem 4.23, there exists a unique Ai = Ai(e) G (0, A*) such 
that Ci = A)" 1 (^ + a^(Ai) — m). Then uq G E\ 1} ^(R d ) and A Cl ^ C 0£, i.e. 0% 
may be considered as a set l? Cl ,£> cf. above. As a result, (5.20) gives (5.17), with 
the constant ||wo||ai,{ < ||uo||a,,£> and with A *<5 replaced by Ai A(1 — s). Note 
that, clearly, |K|| Ai ,j Z |K||a„£, Ai /A„e-> 0. 

5.2 Global long-time behavior 

We are going to consider now the global long-time behavior along all possible 
directions £ G S' d_1 simultaneously. Define, cf. (5.15), 

T T = {xGR d \ z-<£<4(0, £G S"*- 1 }, T> 0. (5.21) 

By (5.15), (5.6), (5.16), 

T t = P| T t , ? = P TT u = TTi, T > 0. (5.22) 

Clearly, the set Tt, T > 0 is convex and closed. To have an analog of Theo¬ 
rem 5.4 for the set T t, one needs to have a + G Uc, for all £ G S d_1 , cf. Defini¬ 
tion 4.17. 

Since J x ?<0 a + (x)e Xx '^ dx G [0,1], £ G S d_1 , A > 0, we have the following 
observation. If, for some £ G S d_1 , there exist /Z > 0, such that, cf. (4.10), 
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a ±?(/ u± ) < oo, be. if (A5) holds for both £ and —£, then, for /./ = min{/j + , /j }, 

f a+(x)e^dx = [ a+(x)e^dx+ f a + {x)e~^dx 

JR d Jx£>0 Jx(,< 0 

< f a + (x)e^ +x '^ dx + f a + (x)e M x ' ( -~^ dx < oo. (5.23) 

Jx-£>0 Jx-(-£)> o 


Let now {e* | 1 < i < d} be an orthonormal basis in R d . Let (A5) holds 
for 2d directions {±e* | 1 < i < d} C 5' d_1 and let ^ = min{/i(e,), /x(—e*)}, 
1 < * < d, cf. (5.23). Set p = g min{/.x, | 1 < i < d}. Then, by the triangle and 
Jensen’s inequalities and (5.23), one has 


x ■ eA) dx 


[ a + {x)e^ x ' [ dx < [ a + (x) exp^V^ -p. 

Jr d JR d \~[ a 

d i r 

<Y - / a + {x)e^ x ' eil dx<oo. 

As a result, the assumption that (A5) holds, for all f £ S d ~ 1 , is equivalent to 
the following one 

there exists pd > 0, such that / a + {x)e^ d ^ dx < oo. (A9) 

Js. d 

Clearly, (A9) implies 


/ |x|a + (:r) dx < oo, 

JR d 


(5.24) 


and thus (A7) holds, for any £ £ S d b Then, one can define the (global) first 
moment vector of a + , cf. (4.47), 


m := / xa + (x) dx £ 
J R d 


(5.25) 


The most ‘anisotropic’ assumption is (A8). We will assume, for simplicity, that 
(A3) holds; then (A8) holds with r(£) = 0, for all £ £ £ d_1 . 

Proposition 5.7. Let (Al), (A2), (A3), (A6), (A9) hold. Then, for any T > 0, 
Th + m £ is an interior point o/Ty, and T t is a bounded set. 

Proof. By (5.22), it is enough to prove the statement, for T = 1. By (4.47), for 

d 

any orthonormal basis {e* | 1 < i < d} C S d_1 , m = ]T) m Ci . As it was shown 

i—1 

above, the assumptions of the statement imply that Theorem 4.23 holds, for 
any £ £ S d_1 . Therefore, by (4.79) and Proposition 5.1, 

(>r + m) • £ = f x ■ fa + (x) dx = >f + m^ < c*(£) = c*(£), (5.26) 

J R d 

for all f £ S d ~ 1 ; thus x + m £ Ti. Since the inequality in (5.26) is strict, the 
point x + m is an interior point of Ti. 
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Next, by Proposition 5.1, x G Ti implies that, for any fixed £ G S d 1 , 
x ■ £ < c*(£) and x ■ (—£) < c* (—<!;), i.e. 

(5.27) 

Then (5.27) implies 

\x-€\ < max{|c»(£)|,|c»(-£)|}, x e Ti,^ G S'* -1 ; 
in particular, for an orthonormal basis {e^ | 1 < i < d} of R d , one gets 
d d 

\x\ < ^|x • ei\ < y^max{|c«(ef)|, |c*(-ej)|} =: R < oo, x £ T l5 

i—l i—l 

that fulfills the statement. □ 

Remark 5.8. It is worth noting that, by (4.79), (4.47), the following inequality 
holds, cf. (5.27), 

c*(£) + c*(-£) > x + {m^ + m_ € ) = 0. 

For any T > 0, consider the set A i(T) of all subsets from of the following 
form: 

M t = M TMl _ iK = {x£R d \x-i l < c* T (ti) + s, i = 1,..., K}, (5.28) 

for some e > 0, K G N, £i,..., G S d_1 . 

We are ready now to prove a result about the long-time behavior at infinity 
in space. 

Theorem 5.9. Let the conditions (Al), (A2), (A3), (A6), (A9) hold. Let 
uq G Lg be such that 

IIKIH := supesssupuo(x)e A l x l < oo (5.29) 

A>0 

and let u G Xoo be the corresponding solution to (2.1). Then, for any open set 
G D Ti, there exists v = u(G) > 0, such that 

esssup u(x,t) < |||rto|||e _1/t , t > 0. 

x0e 

Proof. By Proposition 5.7, the set Ti is bounded and nonempty. Then, by [81, 
Lemma 7.2], there exists e > 0, K G N, £i, ...,£k G S d_1 and a set M G A4(l) 
of the form (5.28), with T = 1, such that 

Ti CMC 6. (5.30) 

Choose now 

G^ = jx G R d x ■ £i < c*(£j) + - J D Ti^., 1 < i < K. 

Then, by (5.30), 

K K 

Tr = f| T u C H C f| C M C G, 

£(zS d ~ 1 i=l i—l 
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and, therefore, 


K 


' \ 0 C 


! \%)- 


(5.31) 


By (5.10), the assumption (5.29) implies, 

||itolU,£ < maxj esssup|u 0 (:r)|e Ax '^, esssup|it 0 (a;)| > 

^ ®*£>0 a >£<0 ' 

< maxj esssup|uo(a;)|e A ^l,esssup|'Uo(a;)| > < esssup|'Uo(a;)|e A ^ < 

^ .T-£>0 X-£<0 ' 'r<=lH> d 


for any A > 0, £ € S d 1 . Denote 

v % '■= A*(^)dist(T l!? .,M d \ ^.) = A»(&)|, 1 < i < K. 

Then, by Theorem 5.4 and (5.31), one gets, for any t > 0, 

essswpu(x,t) < max esssupu(a;,t) < ||uo||A»(j i ),j i e _yit < |||«o|||e _I/t 

x&ff ^<i<K x g t ff ( . 


with v := minjr'i | 1 < i < A'}. □ 

Our second main result about the long-time behavior states that the solution 
u £ Too uniformly converges to 9 inside the set fYi = Y t . The proof of this 
result is quite technical. For the convenience of the reader, we present here the 
statement of Theorem 5.10 only, and explain the proof in the next subsection. 
For a closed set A C R d , we denote by int(A) the interior of A. 

Theorem 5.10. Let the conditions (Al), (A2), (A4), (A6), (A9) hold. Let 
u o £= Ug, uq ^ 0, and u £ X ^ he the corresponding solution to (2.1). Then, for 
any compact set C int(Ti), 


lim min u(x,t) = 6. (5.32) 

t-tooxetV 

Corollary 5.11. Let the conditions (Al), (A2), (A4), (A6), (A9) hold. Let 
uq £ Lg be such that there exist Xo £ r] > 0, r > 0, with uq > rj, for a.a. 
x £ B r (x o). Let u £ Too be the corresponding solution to (2.1). Then, for any 
compact set r C int(Yi), 


lim essinf it(x, t) = 8. 

t —¥oo 

Proof. The assumption on uq implies that there exists a function v$ G Uq C Lq, 
Vo ^ 0, such that uq(x) > Vo(x), for a.a. x £ Then, by Remark 3.5, 
u(x,t) > v(x,t), for a.a. x £ and for all t > 0, where v £ X x is the 
corresponding to r ; 0 solution to (2.1). By Proposition 3.4, v £ X x , and one has 
(5.32) for v, with the same Y^ cf. (Ql) of Proposition 3.15. The statement 
follows then from the evident inequality 

min vix, t) = essinf v(x, t) < essinf u(x, t) < 6. □ 

xettf xettf xectf 
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As an important application of Theorem 5.10, we will prove that there are 
not stationary solutions u > 0 to (2.1) (i.e. solutions with = 0), except 
u = 0 and u= 9, provided that the origin belongs to int(Yi). 

Proposition 5.12. Let the conditions (Al), (A2), (A4), (A6), (A9), and (2.21) 
hold. Let the origin belongs to int(Yi). Then there exist only two non-negative 
stationary solutions to (2.1) in L°°(WL d ), namely, u = 0 and u = 6. 

Proof. Since -j^u = 0, one gets from (2.1) that 


u(x) 


x + (a + * u){x) 
to + x~ (a~ * u) (x) ’ 


x G R d . 


(5.33) 


Then, by Lemma 2.1, one easily gets that u G C„fc(K d ). 

Denote M := ||u|| = sup u(x). We are going to prove now that M < 6 . On 

the contrary, suppose that M > 6 . One can rewrite (5.33) as follows: 


mu(x) + x ( a * u)(x)(u(x) — 9) = (Jg * u)(x) < Mm, (5.34) 

where Jg > 0 is given by (3.19) and hence f Rd Jg(x) dx = to. 

Choose a sequence x n G n G N, such that u(x n ) —> M, n —> oo. 
Substitute x n to the inequality (5.34) and pass n —» oo. Since M > 9 and 
u > 0, one gets then that ( a~ * u)(x n ) —> 0, n —> oo. Passing to a subsequence 
of {x n } and keeping the same notation, for simplicity, one gets that 

(a~ * u)(x n ) < — , n > 1. 
n 

For all n > i'Q 2d , set r n := < ro; then the inequality (2.21) holds, for 

any x G B rn ( 0), and hence 

- > (a~ * u)(x n ) > a(t Br (o) * u)(x n ) > aV d {r n ) min u(x), (5.35) 

n 71 xes r „(x„) 


where V d (R) is a volume of a sphere with the radius R > 0 in R d . Since 
V{r n ) = r d V d { 1) = n~2Vd( 1), we have from (5.35), that, for any n > r Q 2d , 
there exists y n G B rn (x n ), such that 

. . 1 

u{y n ) < — 

U\JnVd{ 1) 

Thus u(y n ) —> 0, n —> oo. Recall that u{x n ) —» M > 0, n — t oo, however, 
\x n — y n \ < r n = n~ 23 , that may be arbitrary small. This contradicts the fact 
that u G Cu^R**). 

As a result, 0 < u(x) < 9 = M, x G R d . Let u ^ 0. By Theorem 5.10, 
for any compact set ^ C int(Yi), min u(x) 9, t —> oo, as u(x,t) = u{x) 

now. Since 0 G int(Ti), the latter convergence is obviously possible for u = 9 
only. □ 

Remark 5.13. It is worth noting that, by (5.15), (5.16), and (5.6), the assump¬ 
tion 0 G int(Ti) implies that c*(£) > 0, for all £ G ,S d-1 . It means that all 
traveling waves in all directions have nonnegative speeds only. 


76 



5.3 Proof of Theorem 5.10 


We will do as follows. At first, in Proposition 5.18, we apply results of [81] for 
discrete time, to prove (5.32) for continuous time, provided that uq is separated 
from 0 on a big enough set. Next, in Proposition 5.19, we show that there exists 
a proper subsolution to (2.1), which will reach (as we explain thereafter) any 
needed level after a finite time. Finally, we properly use in Proposition 5.20 the 
results of [12], to prove that the solution to (2.1) will dominate the subsolution 
after a finite time. 

We start with the following Weinberger’s result (rephrased in our settings). 
Note that (A4) implies (A3), hence, under conditions of Theorem 5.10, we have 
by Proposition 5.7, that T t ^ 0, T > 0. 

Lemma 5.14 (cf. [81, Theorem 6.2]). Let (Al), (A2), (A4), (A6), (A9) hold. 
Let uq £ Ug and T > 0 be arbitrary, and Qt be given by (3.33). Define 

u n +i{x) := ( Qru n )(x ), n > 0. (5.36) 

Then, for any compact set ^f C int(Yr) and for any a £ (0, 0), one can choose 
a radius r a = r a (QT, c ^T), such that 


uo(x) > a, x £ B r<j (fi), (5.37) 

implies 

lim min u n (x) = 9. (5.38) 

n^oo xBuVt 

Remark 5.15. By the proof of [81, Theorem 6.2], the radius r a (QT,^T) is not 
defined uniquely. In the sequel, x^Qt^t) means just a radius which fulfills 
the assertion of Lemma 5.14 for the chosen Qt and r ^V, rather than a function 
of Qt and ^t- 

Remark 5.16. It is worth noting, that, by (3.33) and the uniqueness of the 
solution to (2.1), the iteration (5.36) is just given by 

u n (x) = u(x,nT), leE^neNUjO}. (5.39) 

Therefore, (5.38) with T = 1 yields (5.32), for N 9 t — > oo, namely, 

lim min u(x,n) = 6, (5.40) 

n->ooien*’ 

provided that (5.37) holds with r a = r <J {Qi, c to), ^ C int(Yi). 

Lemma 5.17. Let the conditions of Theorem 5.10 hold. Fix a a £ (0,0) and a 
compact setff C int(Yi). Let uq £ Ug be such that uo(x) > a, x £ B r . t7 ^Q 1 x)(0). 
Then, for any k £ N, 

lim min u(x, — ) = 9. (5.41) 

n— Kx> V kJ 

Proof. Since ^ C int(Ti), one can choose a compact set ^ C int(Yi) such that 

^Cint ('#). (5.42) 
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By (5.39) and Lemma 5.14 (with T = 1), the assumption uo(x) > a, x £ 
B r<r (Q iX)(0) implies (5.40). Fix k £ N, take p = then choose and fix the 
radius r a (Q p ,p c &). By (5.40), there exists an N = N(k) £ N, such that 

u(x, N) > a, x £ Nff, 

Apply now Lemma 5.14, with uq(x) = u(x, N), x £ R d , T = p, and 
&T =c € v := p^ C pint(Ti) = int(T p ), 
as, by (5.22), pT-| = T p . We will get then 

lim min_u(a;, N + np) = 9. (5.43) 

n^oo 

By (5.42), there exists M £ N such that one has 

/N \ 

+ p)tfCptf, n > M. (5.44) 

Therefore, by (5.44), one gets, for n> M, 

min _ u(x, N + np) < min u(x, N + np) 

xQnp'tf 

= min u(x, (Nk + n) —) < 6. (5.45) 

xe(Nk+n v kJ 

By (5.43) and (5.45), one gets the statement. □ 

Now, one can prove Theorem 5.10, under assumption on the initial condition. 

Proposition 5.18. Let the conditions of Theorem 5.10 hold. Fix a a £ (0,9) 
and a compact set ^ C int(Yi). Let uo £ Ug be such that uq(x) > a, x £ 
B rAQl ^(0), and u £ be the corresponding solution to (2.1). Then 

lim min u(x, t) = 9. (5.46) 

t-sooigi^ 

Proof. Suppose (5.46) were false. Then, there exist £ > 0 and a sequence 
tjv —> oo, such that min u(x, tjv) < 9 — e, n £ N. Since tx^ is a compact set 

x£.t 

and u(-,t) £ Ug, t> 0, there exists Xn G such that 

u(xn, tpj) <9 — £, n £ N. (5-47) 

Next, by Proposition 2.10, there exists a 6 = 6(e) > 0 such that, for all x',x" £ 
R d and for all t', t" > 0, with \x' — x"\ + 1 1! — t"\ < <5, one has 

\u(x’,t') -u(x",t")\ < |. (5.48) 

Since ^ is a compact, p(^f) := sup||a;|| < oo. Choose k £ N, such that f < 
i +ppg) ■ (5-41), there exists M(k) £ N, such that, for all n > M(k), 

( Tl\ £ Tl 

a;,a; e-If. (5.49) 
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Choose N > Nq big enough to ensure f/v > . Then, there exists n > M(k), 

such that tm £ [^,Hence 


n 1 5 

W fc k < 1 + p(^) 

Next, for the chosen AT, there exists yjv G such that £jv = ijvyjv- 
f" = %, x' = x N = t N y N , and a:" = f y N - Then, by (5.50), 


(5.50) 


Set t' = tjv, 




x — x \ = 


tN ~h 


(l + \ vn \) < 8 . 


Therefore, one can apply (5.48). Combining this with (5.47), one gets 

( Tl Tl \ / 77 , Tl\ £ £ 

-y N , -j = uy-y N , -J - u(t N y N ,t N ) + u(x N ,t N ) <^+0-s = 0-^, 


that contradicts (5.49), as jiyN € r ^. Hence the statement is proved. □ 

Next two statements will allow us to get rid the restriction on uq in Propo¬ 
sition 5.18. 


Proposition 5.19. Let (Al), (A2), and (A4) hold; assume also that (5.24) 
holds, and m is given by (5.25). Then there exists ao > 0, such that, for all a £ 
(0, «o)> there exists qo = qo(a) £ (0,0), such that there exists T = T(a,qo) > 0, 
such that, for all q £ (0,qo), the function 

>- tm|2 Y .SI'OT, (5.51) 

at J 

is a subsolution to (2.1) on t > T; i.e. Fw(x,t) < 0, x £ t > T, where T 
is given by (3.1). 

Proof. Let J q , q £ (0,0) be given by (3.19), and consider the function (5.51). 
Since w(x,t) < q, we have from (3.1), that 

(. Fw)(x,t) = w(x,t) ^^2 “ ~ x + (a + * w)(x,t ) 

+ x~w(x, t)(a~ * w)(x, t) + mw(x , t) 

< w(x, t) ^ ^ — (J q * w)(x, t ) + mw(x, t). (5.52) 


j(x,t) = q exp 


Since, for any q 0 £ (0,0) and for any q £ (0,qo), J q (x) > J qo (x), x £ R d , one 
gets from (5.52), that, to have Fw < 0, it is enough to claim that, for all x £ R d , 


m + _ i 111 — < exp 

at z a 


■ — t,m\ : 
at 


Jqo ( y ) exp 


"- tro|2 U 

at J 


By changing x onto x+tm and a simplification, one gets an equivalent inequality 


m - 


\ x \ 

at 2 


2x • m 


at 


< 


J qo (y) exp 


(2x-y 


\ at 


exp ( ~^~aT ) dy =: i(ty ( 5 - 53 ) 
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One can rewrite I(t) = Io(t) + I + (t ) + I (t), where 

Io(t) := [ J qo (y)e~^dy, I + (t) := f J qo (y)e~'^r (e^r - l\dy; 

J R d Jx-y>0 V ' 

I~(t):= f J qo {y)e-^(e^ -l)dy. 

Jx-y< 0 V 7 

2 

Using that e s — 1 > s, for all sgM, and e s — 1 > s + for all s > 0, one gets 
the following estimates 

^ (*) > -7 / <4, y) e (a: • y)dy + / J 9o 2/) e “* 4 ■ 2/) dy 

at Jx y>0 a t Jx-y >0 

and 

/"(t) > — / J qo (y)e~'^ (x ■ y)dy. 

^ Jx-y <0 

Therefore, 

4 *) > 4(0 + J J qo (y) e ~ 1 ^ r ydy) 

+ -^72 I Jq 0 {yy~ [ ^ r {x-y) 2 dy. (5.54) 

a r “ Jx-y>0 

By the dominated convergence theorem, 

J 0 (t) 4 / Jq 0 i x ) dx = x + — qo>c~ > m, t —> oo, (5.55) 

Jm d 

for any g 0 € (0, 0). Set also 

/' |y| 2 

4(0 := / 4o(2/) e “* ydy- 

Js. d 

By (5.24) and (A2), one has f Rd a _ (a;)|a:| dx < oo and hence f Rd J go (a;)|x| dx < 
oo. Then, by the dominated convergence theorem, 

h{t) -t [ J qo {y)ydy =: y(q 0 ) £ R d , i ->■ oo. (5.56) 

Since 0 < J qo (x) < u + ci + {x), x £ R d , we have, by (5.25) and the dominated 
convergence theorem, that m(qo) —> m, go —> 0. 

For any e > 0 with m + 2e < x + , one can choose go = go4) €= (0, 0), such 
that 

£■ 

x + > x + — qgx~ > m + 2e, |m —/x(g 0 )| <-. (5.57) 

By (5.55), (5.56), there exists T\ = Ti(e,g 0 ) > 0, such that, for all a > 0 and 
t > 0 with at > T), one has, cf. (5.57), 

x + > I 0 (t) > m +e, |/i(t) - /r(g 0 )| < |. (5.58) 
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Let T > — be chosen later. The function 

CX. 


f \v I 2 

hit)— J qo (y)e~^{x- yfdy 

J x-y> 0 


is also increasing in t > 0. Clearly, from (5.57) and (5.58), one has |/i(t)—m| < e. 
Therefore, by (5.54) and (5.58), one gets, for t > T > ^ . 

2 2 2 

I(t) > m + s + —x ■ {h{t) - m) + —x • m + ~^h{t) 
at at a z t z 

>m + E-—\x\ + —x-m+^— 5 h{T). (5.59) 

at at a z t z 


Next, by (A2), (A4), and (3.19), J qo (y) > p, for a.a. y G Bg( 0). For an 
arbitrary x £M. d , consider the set 


B 


X 


{y e 


\y\ 


X ■ y 

\x\\y\ 



Then 

h(T) > P -\x\ 2 f \y\ 2 e~^dy. (5.60) 

J B x 

The set B x is a cone inside the ball Bg( 0), with the apex at the origin, the 
height which lies along x, and the apex angle 27r/3. Since the function inside 
the integral in the r.h.s. of (5.60) is radially symmetric, the integral does not 
depend on x. Fix an arbitrary x £ and denote 

A{t) = A(t, 6)= f \y\ 2 e~'^~dy [ \y\ 2 dy =: B s , t ->• oo. (5.61) 

J B x J B x 

Then, by (5.59) and (5.60), one has, for t > T, 


rl . 2e 2 pA(aT) 2 

/ ( t ) > m+£ __ w + _ I . m + __ w . 


(5.62) 


By (5.62), to prove (5.53), it is enough to show that 

t > T, x € 


2 e 

e- -\x\ 

at 


pA(aT) 2 \x\ 2 

2 aH 2 1 1 " at 2 ' 


or, equivalently, for 2cc < pA(aT), 


pA(aT) — 2a \x\ 


at 


~ £\ 


pA(aT) — 2a 


- £ — £ 


pA{aT) — 2a 


> 0. (5.63) 


To get (5.63), we proceed as follows. For a given p > 0, S > 0 which provide 
(A4), we set ao := \pBg , cf. (5.61). Then, for any a € (0, ao), there exists 
T 2 = T 2 (a) > 0, such that 


2a < pA(aT 2 ) < pBg. 
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Choose now £ = e(a) > 0, such that m + 2e < *c + and 

£ <^( P A{aT 2 )~ 2a) <^{pA(aT)~ 2a), T > T 2 . (5.64) 

For the chosen e, find q 0 = qo{a) £ (0,6*) which ensures (5.57). Then, find 
Tf = Ti(a,qo) > 0 which gives (5.58); and, finally, take T = T{a,q) > T 2 such 
that aT > T-\. As a result, for t > T, one has at > aT > Ti, thus (5.58) holds, 
whereas (5.64) yields (5.63). The latter inequality gives (5.53), and hence, for 
all q £ (0,<7o), -Ati) < 0, for w given by (5.51). The statement is proved. □ 

Proposition 5.20. Let (Al), (A2), and (A4) hold. Then, there exists t\ > 0, 
such that, for any t > t\ and for any r > 0 , there exists q\ = qi(t,r) > 0 , 
such that the following holds. If uq £ Lg is such that there exist p > 0, r > 0, 
Xq £ with uo(x) > p, x £ B r (x o) and u £ is the corresponding solution 
to ( 2 . 1 ), then 


u(x,t) > q\e t ° , x £M. d . (5.65) 

Proof. At first, we note that (5.65) may be rewritten as follows: 

| x |2 

qie ~ < u(x + xo, to) = T_ Xo Qt o u 0 {x) = Q to T_ Xo u 0 (x), 

cf. (3.33), (3.34), (3.35), and one has 

T- Xo uo(x) = u 0 {x + xq) > V, |(a: + x 0 ) - x 0 \ = \x\ < r. 

Therefore, it is enough to prove the statement for Xq = 0. 

Consider now arbitrary functions b,v o £ C°°(W l ), such that 

suppfr = B$(0), 0 < b(x) = b(\x\) < p, x £ int(Bs(0)); 

suppuo = B r (0), 0 < v 0 (x) < 77 , x £ int(B r (0)); 

3 0 < p < min{r, 1}, 0 < v < rj, such that uo(a;) >v, x £ B p { 0), 

where p and 6 are the same as in (A4). Set (b) := f Rd b(x) dx > 0. Define two 
bounded operators in the space L°°(K d ), cf. (1.4): Bu = b*u, Lgu = Bu — (b)u. 
One can rewrite (2.1) as follows 

d 

—u(x,t) = {Jg*u)(x,t) — mu(x,t) + x (9 — u(x,t))(a *u)(x,t) 
at 

= (b * u)(x, t) — mu(x, t) + f(x, t), 
where, for any x £ t > 0 , 

f(x,t) := ((Jg — b) * u)(x,t) + k~( 9 — u(x,t))(a~ * u)(x,t). 

By (A4) and the choice of b, Jg(x) > b(x), x £ R d . In particular, m = 
J Rd Jg(x)dx > (b), and f(x,t) > 0 , x £ t > 0. Next, for any t > 0, 

||/(-,£)lloo < 0{m — (b)) + k~Q' 2 < 00 . Since b > 0 and Bu = b * u defines 
a bounded operator on L°°(K d ), one has that e tB f{x, s) > 0 , for all t, s > 0 , 
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x € R d . By the same argument, uq{x) > ?/l B r (o)( x ) > Vo(x) > 0 implies 
( e tB uo)(x ) > ( e tB vo)(x ). Therefore, 

u(s,i) = e~ tm {e tB u 0 ){x) + f e-^- s)m {e {t - s)B f){x,s)ds 

J o 

> e~ trn {e tB u 0 ){x) > e-^ m -^ t {e tLb v 0 )(x), x G R d . (5.66) 

We are going to apply now the results of [12]. To do this, set /3 := ( 6 ) _1 . 
Then 


(e tLb v 0 )(x) = (e^ t ^ Lb ^vo)(x) = v(x,{b)t), (5.67) 


where v solves the differential equation = /3L&. Since f Rd /3b(x) dx = 1, 
then, by [14, Theorem 2.1, Lemma 2.2], 

v(x, t) = e^*vo(x) + (w * i’o)(x, t), (5.68) 


where w(x,t) is a smooth function. Moreover, by [12, Proposition 5.1], for any 
w G (0, S) there exist ci = Ci(w) > 0 and C 2 = c 2 (w) G R, such that 


w(x,t) > h(x,t), x G R d ,t > 0, 

h(x,t ) := Citexp(—t — — \x\ log |x| + (logt — C 2 ) 
V Cd 



(5.69) 


Here [a] means the entire part of an aGl, and OlogO := 1, logO := — 00 . 
Set t\ = e C2 > 0. Since [«]>a—l,aGl, one has, for t > t-\, 


( 1 \x\ \ 

h(x, t) > cie 02 exp -f-|x| log |x| + (logt - c 2 ) — > c 3 g(x,t), 

\ UJ cu / 

where c 3 = cie C2 > 0 and 

g(x, t) := exp ^—t — —|x| log |x| j, x G t > t\. 

Since uq > s p (o), one gets from (5.68) and (5.69), that 


v(x, t) > ve t U Bp (o)(x) + i/c 3 / g(y, t) dy (5.70) 

J B p (x) 

Set V p := f B ^ dx. For any fixed t > ti, since g(-,t) G C(B p (x)), there exists 
2 /o 5 J/i G B p (x), such that g{y,t) attains its minimal and maximal values on 
B p (x) at these points, respectively. Since B p (x) is a convex set, one gets that, 
for any 7 G (0,1), y 7 := 73/1 + (1 - 7 ) 2/0 G B p (x). Then 


V p g(y 0 ,t) < 


' B p (x) 


0(2/7) *) d v ^ tp<7(2/1, t). 


Therefore, by the intermediate value theorem there exists, yt = y{x,t) G B p (x), 
t > t\, x G R d , such that f g , x ^g(y,t) dy = V p g(y t ,t). Hence one gets from 
(5.66), (5.67), (5.70), that 

u(x,t) > c 4 e _(m_( 6 >)t g( 2 / t , (b)t) = c 4 exp(—mt — -\y t \ log \y t \), (5.71) 

\ UJ / 
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for y t = y(x, t) £ B p (x), t > t\\ here C 4 = c 3 vV p > 0. 

As a result, to get the statement, it is enough to show that, for any t > t\ 
and for any r > 0, there exists q± = qi(t,r) > 0, such that the r.h.s. of (5.71) 

|x | 2 

is estimated from below by q±e t , i.e. that 
1 \x\ 2 

mt + -\y t \ log \y t \ - logc 4 < --log 51 , x € (5.72) 

CO T 

Note that y t £ B p (x ) implies \y t \ < p + \x\, x £ 

Let p + \x\ < 1. Then log | y t < 0, and the l.h.s. of (5.72) is majorized 
by mt — logc 4 . Therefore, to get (5.72), it is enough to have q-\ < c 4 e _mt , 
regardless of r. 

Let now \x\ +p > 1. Recall that we chose p < 1. The function slogs is 
increasing on s > 1. Hence to get (5.72), we claim 

(|x| + 1) log(|x| + 1) < — \x\ 2 — wmt + u> log c 4 — ui log qi. (5.73) 

T 

Consider now the function /(s) = as 2 — (s + 1) log(s + 1), s > 0, a = ^ > 0. 
Then /(0) = 0, f'(s) = 2as-log(s +1) - 1, /'(0) = -1, /"(s) =2a-^. Since 
/"(s) 2 a > 0 , s —>■ 00 , there exists s 0 > 0 , such that /"(s) > 0 , for all s > s 0 , 
i.e. f(s) increases on s > Sq. Since f'(s) 00 , s —> 00 , there exists Si > so, 

such that f'(s) > 0, for all s > si, i.e. / is increasing on s > s 4 . Finally, for 
any t > t\, one can choose q\ = qi(t,r) > 0 small enough, to get 

min /(s) — wmi + ui log c 4 — oj log q± > 0 

s£[0,si] 


and to fulfill (5.73), for all x £ R d . The statement is proved. □ 

Now, we are ready to prove the main Theorem 5.10. 


Proof of Theorem 5.10. For uq = 0, the statement is trivial. Hence let uq ^ 0, 
uq ^ 0. Next, recall that, (A4) implies (A3) and (A9) implies (5.24). Therefore, 
one may use the statements of Propositions 5.7, 5.19, 5.20. 

According to Proposition 5.19, choose any a £ (0,ao) and take the cor¬ 
responding q 0 = qo(a) £ (0,0) and T = T(a,qo) > 0. Choose then arbi¬ 
trary t 2 > T. Let m be given by (5.25). Set Xq = t, 2 m £ R d . By Proposi¬ 
tion 3.8, there exist rj = pfo) > 0 and r = r(t 2 ) > 0, such that u(x,t 2 ) > V, 
\x— Xo| = \x— t 2 m| < r. Apply now Proposition 5.20, withwo^) = u(x,t 2 ); let t\ 
be the moment of time stated there. Take, for the a chosen above, r = > 0. 

Take any f 3 > max{L|,t 2 } and the corresponding qi = qi(ts,T) > 0. We will 
get then, by (5.65), that 

u(x, £3 + t 2 ) > qi expf— —— ^LV x £ (5-74) 

V a< 2 /' 


Of course, one can assume that q\ < qo (otherwise, we just pass to a weaker 
inequality in (5.74)). 

We are going to apply now Theorem 3.1, with c = 6 and, for t > 0, 


\x - (t + t 2 ) m | 2 
aft + f 2 ) 
u 2 (x,t) = u(x,t +1 3 + f 2 ) £ [ 0 , 0 ]. 


ui(x,t) = qi exp^— 


> 0 , 
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By (5.74), ui(x, 0) < it 2 (;r,0), x £ R d . Since u solve (2.1), Tu 2 = 0. Next, by 
Proposition 5.19, if we set q = q\, we will have Tu\ < 0, as t + t 2 > t 2 > T. 
Therefore, by Theorem 3.1, 

u{x,t + t 3 + t 2 ) > qi expf ———)’ t >0,x £ M. d , 

V a(t + t 2 ) > 

or, equivalently, 

/ \x\^ \ 

u(x + (t + t 2 )m, t +t 3 + t 2 ) > qi exp(-—--), t > 0, x £ R d , 

V a(t + t 2 )J 

Let now Jff C int(Yi) be a compact set. Choose any cr £ (0, q\) and consider 
a radius r„ = which fulfills Proposition 5.18, cf. Remark 5.15. Then 

M < r a implies that there exists > 0, such that, for all t > tfa 


qi exp — 


(”5(lTy) i ' ! ‘ exp ( 


> q { exp -- 


'{t +1 2 ) 


> a. 


Then, one can apply Proposition 5.18 with uq(x) = u(x + (t 4 + t 2 )m,t 4 + t 3 + t 2 ), 
x £ by (5.46), we have 


lim min u(x + (t 2 + L^m, t + t 2 + t 3 + < 4 ) = 8. (5.75) 

£—>■00 xEtJff 


Let, finally, C int)^) be an arbitrary compact set from the statement 
of Theorem 5.10. It is well-known, that the distance between disjoint compact 
and closed sets is positive; in particular, one can consider the compact and 
the closure of K d \Ti. Therefore, there exists a compact set JC C int(Yi), such 
that ^ C int(JC). Let ho > 0 be the distance between ^ and the closure of 
\ One has then that (5.75) does hold with £4 = £ 4 ( 17 , > 0. 

By (5.75), for any e > 0, there exists t 5 > 0 such that, for all t > t 2 +1 3 + 
ti + £5 =: te > 0 and for all y £ Jf, 

u((t -t 2 — t 3 - ti)y + (t 2 + ti)m, t) > 8 - s (5.76) 

Without loss of generality we can assume that t 3 is big enough to ensure 


(t 2 +t 3 + ti) max |x| + (t 2 + * 4 )|m| < S 0 t 5 . (5-77) 

xE'io 


Then, for any x G ^ and for any t > tg, the vector 


y{x,t) 


tx — (t 2 + £ 4)01 
t — t 2 — t 3 — ti 


is such that 


. , . {t 2 + t 3 + ti)x — (f 2 + £ 4 )™ j. 

I y{x, t)-x | =-- —-—-—7 -< h 0 , 

t — 1 2 —13 —14 

where we used (5.77). Therefore, y(x,t) £ Jf, for all x £ and t > te, and 
hence (5.76), being applied for any such y(x,t), yields u(tx,t ) > 8 — e, x £ < £, 
t > te, that fulfils the proof. □ 
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5.4 Fast propagation for slow decaying dispersal kernels 

All result above about traveling waves and long-time behavior of the solutions 
were obtained under exponential integrability assumptions, cf. (A5) or (A9). 
In [44], it was proved, for the equation (1.11) on R with local nonlinear term, that 
the case with a + which does not satisfy such conditions leads to ‘accelerating’ 
solutions, i.e. in this case the equality like (5.32) holds for arbitrary big compact 
^ C R d . The aim of this Subsection is to show an analogous result for the 
equation (2.1). The detailed analysis of the propagation for the slow decaying 
a + will be done in a forthcoming paper. 

We will prove an analog of the first statement in [44, Theorem 1[. 

Theorem 5.21. Let the conditions (Al), (A2), (A4), (A6), and (5.24) hold. 
Suppose also there exists a function 0 < b £ L 1 (R + ) D L°°(WL + ), such that 
a + (x) > 6(|x|), for a.a. x £ and that, cf. (A9), for any A > 0 and for any 
teS d 



(5.78) 


Let uo £ Lg be such that there exist Xo £ ?? > 0, r > 0, with uq > p, for a.a. 

x £ B r (x o). Let u £ A’oo be the corresponding solution to (2.1). Then, for any 
compact set JT C 


lim essinf u(x,t) = 9. (5.79) 

t—► oo xetjxr 

Proof. By the same arguments as in the proof of Corollary 5.11, there exists 
Vo £ Ug, vq ^ 0, such that uo(x) > vo(x), for a.a. x £ R d , and u(x,t) > v(x,t), 
for a.a. x £ and for all t > 0, where v £ X x is the corresponding to Vo 
solution to (2.1), moreover, v £ X,^. 

Let 9 £ (0, 9) be chosen and fixed. We are going to apply now Proposi¬ 
tion 3.18 to (3.37)-(3.39) with := B r(0) R —> oo. Consider an 

increasing sequence {R n \ n £ N}, such that 

(i) 6 < R n —> oo, n —> oo, where 6 is the same as in (A4); 

W A t > e cf - ( 3 - 41 ); 

(iii) 9 <9 Rn < 9, cf. (3.40), (3.44). 

Let wo £ C u b(H d ), wo ^ 0 be such that 0 < wq(x) < vo(x), x £ and 
llwoll < 9. Let, for any n £ N, w^ £ X. x be the corresponding solution to the 
equation (3.38) with R replaced by R n . Then, by (3.43), w^ n \x,t) < v(x,t), 
for all x £ R d , t > 0, n £ N. As a result, 

w^ n \x,t) < v(x,t) < 9, a.a. x £ t > 0, n £ N. (5.80) 

For an arbitrary £ £ S d ~ 1 , consider the corresponding a^ , cf. (4.6). Clearly, 
Ao(a^) = oo, i.e. a ^ € V^, n £ N, cf. Definition 4.20. Let a^(A), n £ N, 

A > 0 be defined by (4.10), with a + replaced by a^. Finally, let cj 1 ' 1 (f) be the 
corresponding minimal traveling wave’s speed for the equation (3.38) (with R 
replaced by R n ). Prove that 
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By (4.79), it is enough to show that, cf. (5.24), for any 

C > >r + f a + (:r)|x|<ia;, (5.82) 

J K d 

there exists N = N(C ) G N, such that, for all A > 0, 

\ (x+ai n) (A) -m)>C, £ G S d ~\ n> N. (5.83) 

A ? 

Denote S* := {x € R d | ±a;-£ > 0}; i.e. = R d . Then, by (ii) above, 

x- + ai”^(A) — to = f aj (x)(e Xx '^ ~ \)dx + x + A^ — m 

^ ii-i " 

> f a^ n (x)(e Xx '^ — l)dx + n + — to, 

Je¬ 
ss /_+ (x)(e Xx 't — 1 )dx > 0. By the inequality 1 — e~ s < s, s > 0, one has 
that 

[ aft n (x)(e Xx '^ — l)dx <A f a^^x^x ■ £\dx < A f a + {x)\x\dx. 

Jet 71 J e~ 71 J K d 

Hence, cf. (ii), (5.24), and (5.82), if we set 

— m 

Ai := -- > 0, 


then, for any A G (0, Ai) and for any £ € S d 1 , 

;^ + a!/ !l (A) — to > h + A^ 1i — m — Ai x + / a + (x)\x\dx > 

Jw d 


x + Ai —m 
-f-> CX, 


i.e. (5.83) holds. 

On the other hand, (A4) and the condition (i) imply that, for any n € N, 
the assumption (A8) holds with a + replaced by , where r = 0 and p, S are 
the same as in (A4), and thus are independent on n. Hence, by (4.65), 

^cd" ) (A) > p'A( e A<5 ' - 1) -> oo, 

for all n G N, and here p',5 1 are independent on n and on £. Therefore, there 
exists A2 > 0, such that, for all A > A2, £ G S’ 1-1 , n G N, (5.83) holds. 

Let, finally, A G [Ai,A 2]. Since a^ n are compactly supported, one has 

^a^(A) = J ap n (x)(x ■ £)e Xx '^dx + J a^ n (x)(x ■ £,)e Xx '^dx. (5.84) 

The inequality se~ s < -, s > 0 implies 

J a~ft n (x)(x ■ £)e Xx '^dx —~J a R n ( x ^ x —~- (5.85) 
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Since 


f b(\x\)e Xx '^dx < e A < oo, A > 0, 
Jx£< 1 


one has, by (5.78), that 


f b(\x\)e Xx '^dx = oo, A > 0. 
Jxf> 1 


(5.86) 


>x-Z> 1 

Then, by (5.84), (5.85), (5.86), for all A > Ai, 

-jr f at (x)e Xx '^dx> [ a(x)(x ■ £)e Xx '^dx — - 
d A J R d n J s + n e 

> [ a+Jx)e XlX <dx~~ 

Jx-£>1 ^ 

> f 6(|cc|)ll Bi??i (o)(a;)e AlX '^dx — - —> oo, n —> oo, 

Jx -£>1 ^ 

and the latter integral, evidently, does not depend on £ £ S'® -1 . Therefore, there 
exists Ni = TVi(Ai) £ N, such that, for all n > N\ and for all £ £ S d_1 , the 
function a^(A) is increasing on [Ai, A 2 ]- As a result, for A £ [Ai,A 2 ], n > Ni, 
£ £ S d ~\ " 


y(^ + o!. , 1 '(A) — to) > -*-(xr + a!;' !l (Ai) — to) 

A v ? A 2 ^ 

> — \x + I 5 (|a:|)llB H (o)(a:)e Al x '^dx — to J —* 00, n — > 00, 

^2 V Jr* J 

and, again, the latter expression does not depend on £ £ S 1 ® -1 , thus the conver¬ 
gence is uniform in £. Therefore, one gets (5.83), for a big enough N > Ni and 
all A € [Ai,A 2 ], ££ S d ~K 

As a result, we have (5.81). Take an arbitrary compact JC £ R d . Choose 
neH big enough to ensure that 

max x ■ £ < min c* (£)• 
xe jr,{es d - 1 

As a result, JtT £ int(T)™'*), where Y ( j n ' ) is defined according to (5.21), but for 
the kernels ai . Then (5.32), with & = JC, yields min ui n \x,t) = 0, t —¥ 00 . 

Hence the inequality (5.80) fulfills the statement. □ 


Corollary 5.22. Let conditions of Theorem 5.21 hold. Then there does not exist 
a traveling wave solution, in the sense of Definition J^.3, to the equation (2.1). 

Proof. Suppose that, for some £ £ S' d_1 , cfK, and ip £ A4g(R), (4.1) holds. 
Then Uo(x) = ip(x-£) satisfies the assumptions of Theorem 5.21. Take a compact 

set C R d , such that C\ := maxy ■ £ > c. Then (5.79) implies 

yeJT 

0 = linr essinf ip(x ■ £ — ct) = lim essinf ip(t(y ■ £ — c)) 
t -¥00 xctjxr s ' t -¥00 ygjr 1 9 s ' 

= lim ip(t(ci — c)) = 0 , 


where we used that ip is decreasing. One gets a contradiction which proves the 
statement. □ 



6 Concluding remarks 

6.1 Historical comments 

The solution u = u(x,t) to (1.1) describes approximately a density (at the 
moment of time t and at the position x of the space M d ) for a particle system 
evolving in the continuum. In course of the evolution, particles might reproduce 
themselves, die, and compete (say, for resources). Namely, a particle located 
at a point y £ R d may produce a ‘child’ at a point x £ with the intensity 
>r + and according to the dispersion kernel a + (x — y). Next, any particle may 
die with the constant intensity m. And additionally, a particle located at x 
may die according to the competition with the rest of particles; the intensity of 
the death because of a competitive particle located at y is equal to x~ and the 
distribution of the competition is described by a~ (x — y). 

This model was originally proposed in mathematical ecology, see [8], and 
subsequent papers [9,26,58,64]; for further biological references see e.g. [65] and 
the recent review [68]. Rigorous mathematical constructions were done in [35], 
see also [37,39]. The mathematical approach was realized using the theory of 
Markov statistical dynamics on the so-called configuration spaces expressed in 
terms of evolution of time-dependent correlation functions of the system, see 
e.g. [40,55,56], 

The particle density of such a system can not be described by a single evo¬ 
lution equation in a closed form (except the case x~ = 0, which is out of our 
considerations, see for it [57]). Namely, the evolutional equation for the density 
includes time-dependent correlations between pairs of particles, whereas the evo¬ 
lutional equation for that pair correlations includes correlations between triples 
of particles, and so on. This situation is quite common in statistical physics, 
see e.g. [40] and the references therein; in particular, cf. BBGKY-hierarchy for 
the Hamiltonian dynamics [27]. 

On the other hand, for purposes of applications, one needs to find though 
approximate numeric values of the density. To do this, the so-called moment 
closure procedure, which goes back at least to [83], was realized in [8,9,26,58]. 
The idea was to rewrite higher order correlations as (nonlinear) combinations of 
low-order ones that yields a closed system of (nonlinear) evolutional equations. 
Unfortunately, this procedure had not any rigorous mathematical background 
and may be considered informally only. Another problem was that different 
‘closings’ gave different answers (even numerically). On the contrary, in [64], 
a mesoscopic-type scaling, cf. [69], for the considered model was proposed. It was 
realized there (heuristically) for the case of homogeneous in space initial density, 
that gave the homogeneous version (1.2) of (1.1), for u = u(t). 

The nonhomogeneous equation (1.1) was rigorously derived in [37,38] from 
the dynamics of infinite particle systems described above, using the so-called 
Vlasov scaling technique for continuous particle systems developed in [36]. The 
infiniteness of the systems reflected in the fact that solutions to (1.1) should be 
bounded but, in general, non integrable on the whole The derivation was 
realized for all times, however, under conditions in x + and Ca~(x) > a + (:r), 
x £ R d , with some C > 0; and under the assumption that the functions a ± are 
symmetric: a ± (— x) = a ± (x). In the recent paper [34], the condition on m was 
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dropped, however, the equation (1.1) was derived on a finite time-interval only. 
A rigorous derivation of (1.1) from an infinite particle system under the opposite 
assumption a + (x) > Ca~(x), x £ R d , which is crucial for the present paper (see, 
in particular, the discussion in Subsection 3.1), is still an open problem. Note 
also that the same question for finite systems, that leads to an integrable in 
space function u, should not require any comparison between kernels a + and 
a~, cf. [42], 

The relations between the particle density of the considered system and the 
solutions to (1.2) and (1.1) were studied in [64] and [65], correspondingly. 

6.2 Remarks and open problems 

1. The assumption (2.21) in Theorem 2.8 does not need to be postulated at the 
origin only. It is enough to have the kernel a~ separated from zero elsewhere. 
Clearly, if a~ is (piecewise) continuous, then the condition (2.2) yields such 
a property. Note also that the similar assumptions (A3) and (A4) cannot be 
weakened by choosing a neighborhood of an arbitrary point. 

2. We did not try to find an optimal upper bound for u in (2.34). By (2.26), one 
can see that the upper bound we found is inversely proportional to the level 
a of the separation of a~ from zero (and directly proportional to the initial 
value upper bound ||rto||)- According to the previous remark, the highest 
level which a~ achieves on R d (uniformly on a ball) will give a better upper 
bound for u. Note that the kernel a~ described a competition in a particle 
system mentioned in Subsection 6.1; hence it is quite natural that a higher 
level of competition leads to a lower level of the system’s density. 

3. The comparison principle shows, in particular, that any subsolution u to (2.1) 
(i.e. Tu < 0, where T is given by (3.1)) does not exceed a supersolution u (i.e. 
Tu > 0). The sufficient condition for this, is the inequality (3.2), where we 
have a parameter c > 0. For the case c > 9, (3.2) is the necessary condition to 
have a comparison (Remark 3.6). Namely, we have proved that a solution to 
(2.1) with an initial condition, which did not exceed 9 , becomes bigger than 9 
(that is a stationary solution to(2.1)), provided that (3.2) fails somewhere. It 
is an open and interesting problem to study whether the solution will ‘return’ 
(say, asymptotically) to 9 in such a case (if, for example, the initial condition 
was compactly supported). 

Stress that one has a majorant for a solution to (2.1) regardless of the con¬ 
dition (3.2). Indeed, neither Theorem 2.8 nor Proposition 5.2 required (3.2) 
(note that Proposition 5.2 required though (A5)). Therefore, the solution will 
be bounded uniformly in time by a constant inside a ball and exponentially 
(in time) decaying at infinity (in space). 

4. The most part of the present paper requires that (3.2) does hold with c = 9. 
We have covered in Subsection 3.1 the case (3.2) with c > 9 and the initial 
condition uq with ||wo|| £ (0, c]. In particular, if, additionally, inf R d uo > 0, 
then the solution to (2.1) will converge in E to 9 exponentially fast. The same 
result may be obtained if (3.2) holds with c = 9, however, uq may exceed 9 
(even everywhere) and separated from zero. The are going to present this in 
a forthcoming paper. 
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5. The case of (3.2) with c < 8 is less clear. As it was mentioned in a previous 
remark, one can get then a majorant for the solution. It is worth noting 
that one can reformulate Theorem 3.1 by replacing (3.4) on 0 < u\(x,t) < c, 
0 < U 2 {x,t) < d, ui(a;, 0) < u^{x, 0), 0 < c < d. Then it can be shown that 
Ui(x, t) < U 2 (x, t), in particular, one can expect to have a ‘useful’ subsolution 
u\ for a solution u = «2- 

6. Proposition 3.8 and Corollary 3.10 constitute the maximum principle, whereas 
Theorem 3.9 is usually addressed to the strong maximum principle, see 
e.g. [17,18]. There is an open problem whether a strong comparison principle 
does hold for the equation (2.1), i.e. whether the strict inequality in (3.3) 
implies u\{x,t) < U 2 (x,t); cf. e.g. [43, Section 6 of Chapter 2[. 

7. It should be emphasized that though the assumption (A8) is weaker than 
(A3), it requires r > 0, i.e. one excludes the situation in which a + (x) = 0, 
for all x £ with x ■ £ > 0. Note that we needed (A8) to get (4.65) in 
the case of quickly decaying kernel a + , i.e. when Ao(a + ) = oo. Next, for 
a + £ V 5 , (4.83) implies that, to have a traveling wave moving to the left, 
i.e. whose speed c < 0, one can be looking for a kernel a + such that a + 
is ‘concentrated’ on R_. However, (A3) with r > 0 still has to hold. Let, 
for example, a + {x) = (1 + p)~ x l x .^ e r_ Pi i](a;), where p > 0. Then, clearly, 
Ao(a + ) = oo hence a + € V$. By (4.79), to show that c*(£) < 0 it is enough 
to prove that x + ac(\) < to, for some A > 0. One has 

^ +a «( A ) = x'ii+p) ^ 1 ~ e ~ (1+p)A ) < 

if we fix A > 0 and choose p > 0 big enough, since the function f(x) = 
a; _1 (l — e ~ x ) decreases monotonically to zero as x —> oo. 

8. The original Ikehara’s Theorem dealt with increasing to infinity functions 
which allow a representation like (4.125), where j = 1, F is a constant and 
H = 0, see e.g. [84, Theorem V.17] (and the Laplace transform in (4.125) 
was with z replaced by —z, as ip was increasing to infinity). A generalization 
for the case j = 2 was obtained by Delange [24]; the general conditions 
were slightly similar to (4.129), and more simple sufficient conditions were 
formulated. The latter required that the function F in (4.125) has to be 
analytic on the right closed strip 0 < Rez < p. It was not appropriate 
for us, taking into account (L3) and the ‘critical’ case with A* = Ao(a + ), 
i.e. a + £ see e.g. Example 4.22. However, the most important point 
is that we needed to have an analog for this theorem for decaying to zero 
functions. The corresponding result was postulated in [13, Proposition 2.3] 
(see also [47] and the proof of [18, Theorem 1.6]). However, the proof in [13] 
was proposed to be realized by a modification of [29, Theorem 2.12]; the latter 
was just a formulation (without a proof) of Delange’s results. Of course, such 
a modification might exist, however, it does not seem to be straightforward. 
In particular, a decaying to zero function (p may change the order of decay: 
for example, on some decreasing in length but placed arbitrary far intervals 
A fc it may decay as e~ akt , whereas on the complement to their union it 
decays as e _Mt . This might be enough to preserve the same singularity as 
in (4.125), however, the asymptotic (4.146) will not hold. To exclude such 
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a case, it is enough to assume that e ut ip(t) is increasing, for a big enough v 
(see the exact formulation in Proposition 4.28). Surely, for a traveling wave 
profile, it may be obtain from the equation (4.32) only (see Proposition 4.30). 

9. The results of [88, Theorems 1-3] partially cover the statements of Theo¬ 
rem 4.9, Proposition 4.31, and Theorem 4.33, in the particular case, where 
a + = a~ and (A5) holds for all /r > 0, i.e. Ao(a + ) = oo. Unfortunately, the 
proofs in [88] contain a lot of misprints and several gaps; in particular, the 
proof of the crucial for the uniqueness [88, Lemma 4.2] is insufficient, cf. the 
Step 3 in the proof of Theorem 4.33 of the present paper. 

10. It is worth noting that the usage of Proposition 5.2 (which, we recall, does not 
require any comparison like (A2) between kernels) allowed us to describe the 
decaying of a solution u to (2.1) ‘outside’ of the set Ti c (Theorem 5.4). In 
particular, the initial condition uq did not need to be compactly supported. 
This yielded the corresponding result for the set T-| (Theorem 5.9). On Fig¬ 
ure 1, we sketched a relation between Ti g and Ti. The arrows describe 
the motion of these sets to ‘become’ T ti g and T t . Recall that, by Proposi¬ 
tion 5.7, x + m £ Ti, however, the origin may be out of Ti or even Tqg, for 
some £ £ S d_1 . For the latter, recall, however, that, by Remark 5.8, the 
origin must belong at least to one of the sets Tqg, Tp_g, for any £ £ 

Recall also that 0 £ intT-, (which does hold, if e.g. a + (— x) = a + (x), x £ M d , 
then m = 0) imply that all traveling waves move to their ‘right directions’, 
cf. Remarks 4.24, 5.13. 



Figure 1: Relationship between the sets Ti g and Ti 

11. The notion of ‘front’ has several slightly different definitions, see e.g. [67,85]. 
Informally, front for (2.1) has to be a set which separates a part < i£f of R d , 
where u(tx,t) —> 9, x £ ‘if, t —> oo and a part G of R d , where u(tx,t ) —> 0, 
x £ G, t —> oo. Thus one is interested to have the front as ‘thin’ as possible 
(one expects to have a surface). Roughly speaking, the front itself is a set, 
where we do not know the corresponding long-time behavior. The results of 
Theorems 5.9 and 5.10 show that any e-neighborhood of the boundary of Ti 
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can be considered as a front set in the meaning above. Figures 2, 3 describe 
two ‘projections’ of the three-dimensional graph for u = u(x,t). 



Figure 2: Space-value diagram 



12. Theorem 5.21 states that, for a heavy-tailed kernel a + (when the Mollison 
condition (A5) fails, for all /i > 0), the front becomes unbounded. In other 
words, the speed of propagation is not constant anymore. We are going to 
realise detail analysis of this topic in a forthcoming paper. 

13. It was shown recently in [49], that a fast propagation in the classical Fisher- 
KPP equation (1.6) may be obtained provided that the initial condition de- 
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cays slowly. Taking into account Remark 5.5, one can postulate the same 
question, for the equation (2.1), as an open problem. 

14. In the proof of Proposition 5.12, we did not use the assumption 0 G int(Ti) 
to show that a nonnegative stationary solution to (2.1) has to be bounded 
by 9. However, if 0 ^ int(Ti), then, for some £ G 5' d_1 , c*(£) < 0 and, 
therefore, there exists a traveling wave in the direction £ with the zero speed; 
it evidently generates a stationary solution. It is unknown whether another 
stationary solutions do exist in such a case. 

15. Finally, we would like to mention that an exact behavior of u(tx, t ) in a 
neighborhood of the boundary of Ti seems to be very delicate open problem. 
It has to be related to the more easy (but still open) questions about the 
stability of traveling waves and the convergence of solutions to the equation 
(2.1) to its traveling waves, cf. [11]; the latter convergence was originally, 
in [54], the reason to introduce the notion of traveling waves at all. 
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